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ON RANDOM FIXED POINT THEOREMS FOR 
EXPANSIVE TYPE MULTIVALUED OPERATOR IN 
POLISH SPACE 
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ABSTRACT : The objective of this paper 1s to obtain some fixed point theorems for pair of non 
commuting expansive type multivalued operators on Polish space. 
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1. INTRODUCTION 


Random fixed point theorems are stochastic generalization of classical fixed point theorems 
[7, 15]. Itoh [9, 10] extended several well known fixed point theorems, i.e., for contraction, 
nonexpansive and condemning, mappings to the random case. Thereafter, various stochastic 
aspects of Schauder's fixed point theorem have been studied by Sehgal and Singh [16], 
Papageorgiou [14], Lin [12] and many authors. In a separable metric space, random fixed point 
theorems for contractive mappings were proved by Spacek [15], Hans [6, 7, 8], Mukherjee 
[13]. Afterwards, Beg and Shahzad [2, 3], Badshah and Sayyed [4] studied the structure of 
common random fixed points and random coincidence points of a pair of compatible random 
operators and proved the random fixed points theorems for contraction random operators in 
Polish space. In present paper random fixed point theorems for pair of non commuting expansive 


type mapping in Polish space are mvestigated. 


2. PRELIMINARIES 


Let (X, d) be a polish space, that is, a separable complete metric space and (Q, 4) be measurable 
space. Let 2* be a family of all subsets of X and CB(X) denote the family of all non-empty 
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bounded closed subsets of X. A mapping T : Q — 2% is called measurable if for all open 
subsets C of X, TC = (o € Q: 7T(0)' nC *6) € A. A mapping € : Q — X is said to 
be measurable selector of a measurable mapping T : Q — 2* If E is measurable and €(w) 
€ T(w) for all o € Q. A mapping f: Q x X —.X is called a random operator if for all x 
€ X, f(; x) is measurable. A mapping T : Q x X — CB(X) is called a random multivalued 
operator, if for every x € X, T(; x) is meaurable. A measurable mapping T : Q x X is called 
random fixed point of a random multivalued operator T : Q x X > CB(X) (f: Q x X > 
X), if for every © € Q, (മ) e To, &(o))(f (o, E(@)) = &o)). Let T : Q x X > CB(X) be 
a random operator and (5,) a sequence of measurable mappings 5, : Q — X. The sequence 


(5,) is said to be asymptotically T-regular if dE (o), Ko, 5,(0))) > 0. 


3. MAIN RESULTS 
Theorem 3.1. Let X be a polish space. Let S, T: Q x X > CB(X) be two non commuting 


surjective random multivalued operators. If there exist measurable mappings o, B, y : Q > 
(0, 1) such that 


(യ, ST, x)) d(x, y) + 0, TS(@, y)) d(x, all 


OTE, 3). TQ 9) e d(x, ST(@, x) + 200, TS(@, AN + d(x, y) 


Droid, ഞമ, x)) (v, TS(@, y)) + voda, Wf 


d(x, ST(w, x)) + d(y, TS(@, y)) + d(x, y) (3.1.1) 


for each x, y € X, x * y, o € Q where a, B, y € Rt, with 2a(w) + B(w) + (ര) > 3 and 
vw) > 1. Then ST and TS have a common fixed point. 


(Here H represents the Hausdroff metric on CB(X) induced by the metric d) 


Proof : We define a sequence (5(0)) for each œ € Q as follows for n= 0, 1, 2 ....... 
E mi € ST (0, 5, (0). (3.1.2) 


© Ege) e TSO, Ef 
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Now consider > ; à» 


a(& (0), (൭) = HIST, Eu». TS(o, E5,52(0))] 


soo ss 99), i). So, Seel (൭), (൭) 
7 (E, dal ST(o, (൭) * d(Eons2(0), TS(o, Esa (0))) + dër, (0) 





' d(ëan2(0), TS(&, Ern42())) d(Ernsi(®); ച്‌) 
dë del, ST(o. (൭) + DICH TS(o, Eon+2(@))) + datt, En zial 


8(മ)(ം, Hl (൭), ST(c, (൭) (Ea (o), TS(o, S2 («))) 
d ICH ST(w, Eni (@))) +d (Ean (0), TS(c, Eoms2(0))) + d(E», (0), £5,,5(0)) 





i Y(o)|4 (Ean del, 5,45 (0))] 
d CH ST(a, &,4(0))) +d ON TS(o, £5... (൭))) + deif, £2,,5(0)) 


7 (൭) (ചന, ,(൭))&ച,.,(൪), (2) 
E d(éan (0), £5, (o) + d(E5,.. (0), Eona1(0)) + dë (0), (൭) 


dën (00), Eo» (9) (55... (0), (൭) 
d (nii Eo, (o) + dë (0). Et) +d IG (൪) 


$ B(@)d (Fane (൭), Ean (0))d (51,42 (0), (൪) 
d (Emel (മ), £,(0)) +d (E>ne2 HCH *d (E2ne(0), E2,42(0)) 


" y(o)a? (Eam (0). E2m2(0)) 
d (tam (0), &, (c) +d (Ene (©), 55,41 (0)) +d ICH E,2(0)) 


=> d(&, (0), E... (e) [a(5,, (9), EoD) + 24(5,,, (9), &,,5(0))] 
> d(5, (0), 5, ,,(9))[20(0) + Do) + vol 
min (d(5,, (0), S (945, (0), S2 (01 
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> PE (a), (൭) 2 dal, Eet Dot) + Dia) + (e) - 2] 
min {dE (9), (൭), d(5,,,, (9), EoD) 

Case I 
d (o), E(w) 2 Dom) + Bio + wt) - 212* (5, (0), Sano (9) 


“1/2 





] 
> dE mW), (൭) € Cro IO dÉ (0), (൭) 


A 


> déan lO), (൭) € k,(m)d(5,, (0), (൪) 





1/2 
! 
where ky = k,(@) = TS) <1 [As 2a(q) * (മ) + vo) > 3] 


Similarly we can calculate 


= «(5 o (0), (൫) € kO) ക്ര), E20) 


1/2 
| 
where k, = k,(@) = ത്ത്‌) < 1 [As 202) + B(w)  y(o) > 3] 


and so on 


Case II 
P(E, (0), 5, ,.,(0)) 2 Balo) + B() + 0) — 2]4(5,, O), 55, |, (1))d(5,, (0), Eon) 


l 
— d(E,, ,, (0), Suo) S 2a(o) + B(o) + wie) — 2 dE (c), Coa (0) 


= dÉ ell, $,,5(0)) S Ein) d(5, (0), 5, (0)) 





l 
where k, = k(9) = 2a) +B(@)+ y(m)-2 < | [As 2a(w) + B(w) + ya) > 3] 


Similarly we can calculate 


> MED), 5,,,4(9)) € AO) Kéz) (മ) 


l 
where k, = k (0) = (erra) < 1 [As 2a(@) + B(@) + y(o) > 3] 
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and so on 

So, in general 

dÉ det, & ,,(0)) € k (൭, ED) for n = 1, 2, 3..... 
where k = kw) ='max{k (0), (൭) then k < 1 

= d(E(), E, (0) < K dE), Eet 


Now we shall prove that for each œ € Q (5, (0)) is a Cauchy sequence. For this for 
every positive integer p, wc have 


d(& (0), &,, (0) S E(w), Ere (O) + ED), 6,,5(0)) + .. + dÉ DE 5, (0) 
S (K bti pneus o POE), 6 (0) 
= MI EAR. + PI d(Ey(0), 5 (w)) 


k" 
< (I- (Šo), (൭) 
which tends to zero as n — en. It follows that (5 (0)) is a Cauchy sequence and there 
exists a measurable mapping E : Q — X such that & (0) > (മ) for each œ € Q ... (3.1.3) 


Existence of random fixed point: Since S and T are surjective maps so ST and TS are 
also surjective and hence there exist two functions g : Q > X and oe : Q — X such that. 


toi e ST(o, g(@)) and E(w) e TS(w, 9 (ധ)) (3.1.4) 
Consider 
d(&, (0), (മ) = HST, 5,,,(0)), TS(o, (൭) 


nie, del, S(O, E, ())) (Eno), ഴ്‌ (൭) 
d CH ST(o, čan 1(0))) +d (7 (൭), TS (a, g («))) +d (ono), g (൭) 


de (0), Ile, g (0))Ja(52,.. (0). ഴ്‌ (@))| 
dës loi, ST (o, Cant dell + de (o), TS(a, g (൭) + d (Enns (0), g (മ) 





" Bieden, ST (o. &,..1(0))) a (7 (@), TS(, o (2) 
d (E, i(0), ST(o. Ean41(@))) + dei (0), TS(@, g (@))) + dad, 7 (൭) 
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+ Y (o) d? (E(w), g' (൭) 
dall ST(o, Coni dall + de (o), TS(o, g (൭) + d(Eans1(®), g (൭) 





E (൭) If, £5, (0))d (E2,..(0), g (a))+4(൦ (9), &(0)) (55, (0), g (o))] 
dl, Eansi(@)) + 4(G’ (@}, ED) du), ൧ (൪) 





x B(@)d (Eons (0), 5, ())a(g (c). (൭) 
d (5), (0), E,,(@)) + a(g' (c), &(co)) + d(Ean1(®), g (൭) 





. OUROL 
dat, ono) + de (0), (൭): dan (0), ൧ (e) 





As {&,(@)} and (5,,,(0)) are subsequences of (5,(0)) as n — œ, (5,,(0)) - &(o) 
(E;,,,(9)) > E(w) (using 3.1.3) 


Therefore 


aofa) &(e) d (E), o (൭) ler (0). (e) (50). o (0) 
IEW), Hoi 2 a (E(o),E(@)) + 4(g’(o),E(@)) + 4&൭), (൭) 





RO) (£c) (7 (©), E(@)) + v (e) a? (Eo), g ell 
2(8/൭),4(൭)) + Ae (൪),4(൭)) dëi, g (൭) 





02 


euk d(g (9), &(@)) 


. ട്ര, (൭) - 0 — (as oo) + ya) > 1) 
=> E(w) = g'(v) (3.1.5) 
In an exactly similar way we can prove that 


=> $(മ) = g(o) (3.1.6) 
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The fact (3.1.4) along with (3.1.5) and (3.1.6) show that &(w) is a common fixed point 
of ST and TS. 
This completes the proof of the theorem 3.1. 
Theorem 3.2. Let X be a polish space. Let S, T : Q x X — CB(X) be two non commuting 


continuous surjective random multivalued operators. It there exist measurable mappings ൨, B, 
Y : Q — (0, 1) such that 


o (o) (x, ST(w,x))d(y, TS(@, y)) 
H(ST(®, x), TS(o, y) = ENT + Bird, ST». 3) 





+ dy, TS(o, y))] + oda, y) (3 1.7) 


for each x y € X, x #y o € Q where a, B, y e R*, with a(w) + 2B(w) + y(w) > 1. 
Then ST and TS have a common fixed point. 


Proof. We define a sequence JE (o) for each œ € Q as follows for n = 0, 1, 2... 
E, (0) e ST(w, SEET 
(൪) € TSO, (൭) (3.1.8) 


Now consider 
AE (0), &5,,,(0)) = AEST, 5,,,(0)), TS, 5, .5(0))] 


ര). ബിം. £0) Je(Ens (0). (൩. Eanea()) 
i ന്‌ി] 





+ BOE m0), STO, &,,,(9)) + Mensa) TSO, Goma] 
T (ശമ (o), പാ(൪)) 


a(w)d (E .i(0). Éa, (0))d (E (9). Eos (0) 
M d (Ey, (0), Ell 





+ B(@) [dE 4 1(®), En) + (0൪), cont (01 + yY(0)d(5,, (0), Em) 
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= (eo) + B(a))4(55, (9), &,,,(9)) + (BC) + KOKE (9), Eoma) 
=> [1 - (oo) + BROD d (5, (9), (൭) 2 BO) + HO) AE (Os Ean) 


| = (oc) + B(o)) 
> (5, (0), 55,42(0)) S eae dÉ, (0), EO) i 


=> (ര), &49(0)) S Kodl, (0), പ്പ) 
| - (alw) + B(o)) 
where k = Ko) = | Bojo) | € | [As a0) + 28(0) + (9) > 1] 
Similarly we can calculate 
> (E(w), (൭) S Fo, (O) yu) 


[-- (oc) + 8(മ)) 
where k = Ko) വിരി | €! [As alo) + 28(9) + (9) > 11 


and so on 

So, in general 

ACE, (c), (൭) € Ed, (oD), &,(൭) for n = 1, 2, ... 

> dÉ tom), &,,,(0)) € (യ, (൭) 3.1.9) 


Now we can prove that for each œ e Q (5 (0)) is a Cauchy sequence. (As proved 
in theorem 3.1) So there exists a measurable mapping E : Q — X such that & ()) — E(w) 
for each o € Q. (3.1.10) 


Existence of random fixed point : Since S and T are surjective maps so ST and TS 


are also surjective and hence there exist two functions g: Q > X and o: Q — X such that. 
E(w) e ST(o, om and E(w) TS(w, g'(o)) (3.1.11) 


Consider 


(5, (0), (൪) = HST, Em, TS(@, g0) 
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$ a(a)d Idol, ST (o, E»,4(0)))d (g' (o), TS (o. o (൭) 


dall ൧ (൭) 
+ Diogo), STO, (൭) + d(g (൭), TS, ൧ (9)))] + oE (0), ൧ (൭) 


a (o) (പ (o), E,(@))d(g’ (0), (൭) 
dau) g (മ)) 


+ Dal, (9), Gm + (g(a), &(0))] + wot um), g (മ) 

As (55,(0)) and (5,,,,(0)) are subsequences of (5,(0)) as n — œ, (5,,(0)) > &(0), 
(ച) > (൭) 

Therefore 


ധ(ഗ)4(&(ഗ))4 (g (e). (e) 


20൭), (൭) 2: a(&(o), g' (o) 


+ BCE), El) + dg"), 5(0))] 


+ oE), o ni 
0 2 (Bo) + Kodl), o to" 
= d&l), g’(@)) = 0 [4s B(w) + yw) > 0] 
= Eo) = (മ) (3.1.12) 
In an exactly similar way we can prove that 
= &(@) = g'(o) (3.1.13) 


The fact (3.1.11) along with (3.1.12) and (3.1.13) show that (മ) is a common fixed 
point of ST and TS. 


This completes the proof of the theorem 3.2. 
Theorem 3.3. Let X be a polish space. Let S, T : Q x X > CB(X) be two non commuting 


continuous surjective random multivalued operators. If there exist measurable mappings a, D, 
y, K: Q — (0, 1) such-that 
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AST(@, x), Tata, y)) + [ക TS, y) + dy, ST(@, x))] 2 alod, ST(o, 2) 
+ Bodo, TS(o, y)) + ody) (3.1.14) 


for each x, y € X, x # y where a, 8, y, K e R* and o(o) + B(w) + y(o) > 1 + 2K(0), 
Bo) + (രി > Ka), oa) + io) > K(@) and y(w) > 240). Then ST and TS have a common 
fixed point. 


Proof. We define a sequence {E,(«)} for each o € Q as follows for n = 0, 1, 2°... 

Ean) € STO, Eom) 
E (8) e TSO, (൭) (3.1.15) 
Now we put x = E, (0) and y = E, (a) in (3.1.14) we Se 
ASTD, (൪), TSO, &,,5(0))) + KONE 1 (@), TS, maw) 

+ d(5, (0), STW, Eor (ODN 
2 o(0)4(5, (0), STO, Em) + BoE mw), 25(ധ, Eom) 

+ WOME O) Goma) 

> d(5,,(0), Eom) + Oe (x), nt 
2 OAE), (൭൪) + BOE mO), (൭) + KOE 0), (൭) 
=> (1 + Ko) — a(o))d(5 (a), &,,,(9)) 2 Bo) + (മ) — Ko) ED), (൭) 


(1+ K(@) - ബ്ര) 
> മ്പ, Sonik) $ Br) + ro) Ko) യാ, ച) 


=> d(&, (൪), e45(0)) < kod, (0), eaa (0) 


[1+ Kiel - o(o)] | 


where k = KO) = Bo) wei Kia) ^! 





[Since a(w) + B(o) + wm > 1 + 2K(w)] 
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Similarly we can calculate 
> (0), E, aa (0)) E Kodan (0), E20) for n = 0, 1, 2, 3 8 


H + (2) — o(c)] 
where k = HO) സ്ത) < | 


and so on 

So, in general 

d(E (c), (൭) S k aE, (0), ,(@)) for n = 1, 2, 3... 

> (0), $,,,(0)) € D ക്ര), (൦) (3.1.16) 


Now we can prove that for each œ € Q (5,(0)) is a Cauchy sequence. (As proved 
in theorem 3.1) So there exists a measurable mapping § ` Q — X such that E (0) > E(w) 
for each o € Q. 


Existence of random fixed point :- Since S and T are surjective maps so ST and TS 
are also surjective and hence there exist two functions g : Q — X and g' : Q — X such 
that. 


E(w) e Site, g(w)) and E(w) e TS(w, g'(c)) 3.1.17) 
Consider 
«(E, (e), Ea) = HST, Ewa), TS, g(a) 
> Kode (0), TSO, g'()) + deiert, ST, aen dl + aigle, dl, 
STO, E it + BAG’), TO, g0) + KOME O), (൭) 
= d(E, (€), TS(@, g ef 2 -K(a)[d(5,, 0), 2൭) + dg’), Em 
+ (തമ d, dm + BOG O), EOD + &a)d(&,, 0), 9) 


As {E,,(W)) and {E,,,,(@)} are subsequences of {E,(w)} as n > œ, {E,,(@)} - &(@) 
(Én lm > Ea) 
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Therefore 
= (84൭), Dot 2 -K(w) dE), &()) + d(g (a), &(@))] + o«ea(&(o), (൭) 

+ Bodo"), E(w)) + oE), (ത) 
= 0 2 (B(w) + (മ) - K(മൃമ്&(ഗ), (മ) 
> dlo), g'(o) = 0 [As P) + yw) — Ko) > 0] 
= &o)- g'(o) ... (3.1.18) 
In an exactly similar way (using a) + vm) > K(@)) we can prove that 


E(w) = Ko) (3.1.19) 


The fact (3.1.17) along with (3.1.18) and (3.1.19) show that E(w) is a common fixed 
point of ST and TS. 


This completes the proof of the theorem 3.3. 
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GENERALIZED SEMI-PRE HOMEOMORPHISMS IN 
INTUITIONISTIC FUZZY TOPOLOGICAL SPACES 


R. SANTHI & D. JAYANTHI 


ABSTRACT : In this paper we introduce the new class of homeomorphisms called generalized sem. 
pre homeomorphisms in intuitionistic fuzzy topological spaces. We also introduce M-generalized semi- 
pre homeomorphisms in intuitionistic fuzzy topological spaces and investigate some of the properties 
We provide the relation between intuitionistic fuzzy generalized semi-pre homeomorphisms and 
intuitionistic fuzzy M-generalized semi-pre homeomorphisms. Also we prove that the set of all 
intuitionistic fuzzy M-generalized semi-pre homeomorphisms forms a group under the operation of 
composition of maps. 


Key words and phrases : Intuitionistic fuzzy topology, intuitionistic fuzzy generalized semi-pre T,» 
space, intuitionistic fuzzy generalized semi-pre homeomorphisms and intuitionistic fuzzy M-generalized 
semi-pre homeomorphisms. 


1. INTRODUCTION 


After the introduction of fuzzy sets by Zadeh [9], there have been a number of generalizations 
of this fundamental concept. The notion of intuitionistic fuzzy sets introduced by Atanassov 
[1] is one among them. Using the notion of intuitionistic fuzzy sets, Coker [3] introduced the 
notion of intuitionistic fuzzy topological spaces. The notion of homeomorphisms plays a vital 
role in intuitionistic fuzzy topology as well as in topology. Here we introduce the new class 
of homeomorphisms called generalized semi-pre homeomorphisms in intuitionistic fuzzy 
topological spaces. We also introduce the M-generalized semi-pre homeomorphisms in 
intuitionistic fuzzy topological spaces and investigate some of the properties. We provide the 
relation between intuitionistic fuzzy generalized semi-pre homeomorphisms and intuitionistic 
fuzzy M-generalized semi-prc homeomorphisms. Also we prove that the set of all intuitionistic 
fuzzy M-generalized semi-pre homeomorphisms forms a group under the operation of com- 


position of maps. 
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2. PRELIMINARIES 


Definition 2.1: [1] An intuitionistic fuzzy set (IFS in short) A in X is an object having the 


form 


A= (യ, V(X) / x € X) 


where the functions uy : X > [0, 1] and v, : X > [0, 1] denote the degree of membership 
(namely u,(x)) and the degree of non-membership (namely v ,(x)) of each element x € X to 
the set A, respectively, and 0 < u,(x) + v,(x) < 1 for each x € X. Denote by IFS (X), the 
set of all intuitionistic fuzzy sets in X. 


Definition 2.2: [1] Let A and B be IFSs of the form 4 = {(x, uit), ഡയ) / x € X) and 
B = {(x, g(x), ve / x eX). 

Then 

(a) ACB if and only ut) Hetz sid v4G) 2 vg(x) for all x e X ` 

(b) A = B if and only if A C B and B c A 

(Q 4 = (x vy), n6) /x e X) 

( AN B= {x IG) ^ Bg), dal v 409) / x € X) 

(el AU B= {x E) Vv Ug), Vy) ^ vg / x e X] 

For the sake of simplicity, we shall use the notation 4 = (x, Wy, Vy) instead of 4 = {(x, (x), 
vx ട XJ. 

The intuitionistic fuzzy sets 0_ = {(x, 0, 1)/x e X) and 1, = ((x, 1, 0)/x € X} are respectively 
the empty set and the whole set of X. 


Definition 2.3: [3] An intuitionistic fuzzy topology (IFT for short) on X is a family t of IFSs 
in X satisfying the following axioms. 


0,1 ec 
(i) Gyn Ge 1 for any G, GET 


(iii) U G,e T for any family (G,/ i € j} C «. 
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In this case the pair (X, T) is called an intuitionistic fuzzy topological space (IFTS in short) 
and any IFS in t is known as an intuitionistic fuzzy open set (IFOS in short) in X. The 
complement 4° of an IFOS 4 in IFTS (X, 7) is called an intuitionistic fuzzy closed set (IFCS 
in short) in X. 


Definition 2.4: [4] Let (X, t) be an IFTS and 4 = (x, uy, Vy) be an IFS in X. Then the 
intuitionistic fuzzy interior and intuitionistic fuzzy closure are defined by 

int(4) = U {GIG is an IFOS in X and GC 4) 

cl(4) = ^ {KK is an IFCS in X and 4 c Kj 
Definition 2.5: [4] An IFS 4 = (x, uy, Vy) in an IFTS (X, 7) is said to be an intuitionistic 
fuzzy pre closed set (IFPCS in short) if cl(int(4)) C 4 and intuitionistic fuzzy pre open set 
(IFPOS in short) if 4 c int(cl(A)). 
Definition 2.6: [8] An IFX A = (x, Wy, Vy) in an IFTS (X, T) is said to be an 


(i) intuitionistic fuzzy semi-pre closed set (IFSPCS for short) if there exists an IFPCS ൧ 
such that int(B) c 4 c B. 


(ii) intuitionistic fuzzy semi-pre open set (IFSPOS for short) if there exists an intuitionistic 
fuzzy pre open set (IFPOS for short) B such that B C A c cl(B). 
Definition 2.7: [5] Let A be an IFS in an IFTS (X, T). Then the semi-pre interior and the 
semi-pre closure of 4 are defined by 
spint(4) = U{G/G is an IFSPOS in X and G c 4}. 
spcl(4) = ^ {KK is an IFSPCS in X and A c KJ. 
Note that for any IFS 4 in (X, 1), we have spcl(A° = [spint(4)]^ and spint(4*) = 
[spel(4)] [5]. 


Definition 2.8: [8] An IFS 4 in an IFTS (X, ൬ is said to be an intuitionistic fuzzy generalized 
semi-pre closed set (IFGSPCS for short) if spcl(4) c U whemever 4 c U and U is an [FOS 
in (X, T). 
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Every IFSPCS is an IFGSPCS but the converse may not be true in general [8]. 


Definition 2.9: [5] The complement 4° of an IFGSPCS 4 in an IFTS (X, T) is called an 
intuitionistic fuzzy generalized semi-pre open set (IFGSPOS for short) in X. 


Definition 2.10: [5] If every IFGSPCS in (X, 1) is an IFSPCS in (X, ൬, then the space can 
be called as an intuitionistic fuzzy semi-pre Tp space (IFSPT,, space for short). 


Definition 2.11: [6] A mapping f: (X, t) — (Y, ©) is called an intuitionistic fuzzy generalized 
semi-pre continuous mapping (IFGSP continuous mapping for short) if ln is an IFGSPCS 
in (X, t) for every IFCS V of (Y, oi" 


Definition 2.12: [6] A mapping f: (X, T) > (Y, ©) is called intuitionistic fuzzy generalized 
semi-pre irresolute (IFGSP irresolute) mapping if (V) is an IFGSPCS (IFGSPOS) in (X, 1) 
for every IFGSPCS (IFGSPOS) V of (Y, o). 


Definition 2.13: [7] A map f: X — Y is called an intuitionistic fuzzy generalized semi-pre 
closed mapping (IFGSPCM for short) if f(A) is an IFGSPCS in Y for each IFCS 4 in X. 


Definition 2.14: [7] A mapping f: X > Y is said to be an intuitionistic fuzzy generalized semi- 
pre open mapping (IFGSPOM for short) if /(4) is an IFGSPOS in Y for each IFOS in X. 


Definition 2.15: [7] A mapping f: X — Y is said to be an intuitionistic fuzzy M-generalized 
semi-pre closed mapping (IFMGSPCM, for short) (if f(4) is an IFGSPCS in Y for every 
IFGSPCS 4 in X. 


3. GENERALIZED SEMI-PRE HOMEOMORPHISMS IN INTUITIONISTIC 
FUZZY TOPOLOGICAL SPACES 


In this section we introduce intuitionistic fuzzy generalized semi-pre homeomorphisms and 


investigate some of their properties. 


Definition 3.1: Let f: X Y be a bijective mapping. Then f is said to be an intuitionistic 
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fuzzy generalized semi-pre homeomorphism (IFGSPHM for short) if f is both an IFGSP 
continuous mapping and an IFGSPOM. 


For the sake of simplicity, we shall use the notation A = (x, (Hs Hp), (v, Vp) instead 
(൧൨൧൧൧, , 
of A = |?» uo up (va vg), in the following examples. 


Similarly we shall use the notation B = (y, (Mp Hy): (v, v,)) instead of B = 


v 
b a) (2.2 in the following examples. 


Example 3.2: Let X = (a, bj, Y = (wu v) and G, = (x, (0.5,, 0.6,), (0.5,, 0.4), G = 
(y, (0.2,, 0.3,), (0.8,, 0.7,)). Then T= {0_, G, 1_} and o = {0_, G,, 1_} are IFTs on X and 
Y respectively. Define a mapping f: (X, t) — (Y, o) by fa) =u and f(b) = v. Then f is an 
IFGSPHM. 


Theorem 3.3: Let f : X — Y be a bijective mapping. If f is an IFGSP continuous mapping, 
then the following are equivalent. 


(i) fis an IFGSPOM (ii) f is an IFGSPHM (iii) f is an IFGSPCM. 
Proof: Straightforward. 
Remark 3.4: The composition of two IFGSPHMs need not be an IFGSPHM in general. 


Example 3.5: Let X = (a, bj, Y = (c, d) and Z = (e, f}. Let G, = (x, (0.5,, 0.6,), 
(0.5൭ 0.4,), Gy = (x, (0.8, 0.7,), (02,, 0.3), Gaz 0, (0.8, 0.95, (0.2,, 0.10), Gy = 
(z, (04,, 0.35, (0.6,, 0.75) and Gs = (z, (0.2,, 0.25, (0.8,, 0.85) and Then t = {0_, Gj, 
G5, 1_}, 6 = {0_, Gy, 1_} and n = (0_, Gy Gs, 1} are IFTs on X, Y and Z respectively. Define 
a mapping f: (X, 1) (Y, o) by fa) = c and fb) = d and g : (Y, o) > (2, n) by g(c) = 
d and g(d) = e. Then f and g are IFGSPHMs but g of: X > Z is not an IFGSPHM, since 
g o f is not an IFGSP continuous mapping, since G,° = (z, (0.6,, 0.7, (0.4,, 0.35) is an IFCS 
‘in Z but (g o PG) = (x (0.6, 0.7,), (0.4,, 0.3,)) is not an IFGSPCS in X, since 
(g o DG) = (x, (0.6,, 0.7,), (0.4,, 0.3൭) € G, but spcl((g o PGA) = KL £G, 
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Definition 3.6 : Let ft X — Y be a bijective mapping. Then f is said to be an intuitionistic 
fuzzy M-generalized semi-pre homeomorphism (IFMGSPHM for short) if f is both an IFGSP 
irresolute mapping and an IFMGSPOM. 


The family of all IFMGSPHMs in X is denoted by IFMGSPHM(X). 
Theorem 3.7: Every IFMGSPHM is an IFGSPHM but not conversely. 


Proof : Let f: X — Y be an IFMGSPHM. Let 4 c Y be an IFCS. Then 4 is an IFGSPCS 
in Y. By hypothesis, /!(A) is an IFGSPCS in X. Hence f is an IFGSP continuous mapping. 
Let B c X be an IFOS. Then B is an IFGSPOS in X. By hypothesis, AB) is an IFGSPOS 
in Y. Hence f is an IFGSPOM. Thus f is an IFGSPHM. 


Example 3.8: Let X = (a, b}, Y = (u vj and G, = (x, (0.4,, 0.6,), (0.6,, 0.45), G, = 
(x, (0.5,, 0.7,), (0.5,, 0.3,)), G3 = (y, (0.2, 0.3,), (0.8,, 0.7,)), then t ={0_, G,, G5, 1, ) and 
o = (0, G4, 1_} are IFTs on X and Y respectively. Define a mapping f : (X, 1) > (Y, o) 
by Ka) = u and fb) = v. Then fis an IFGSPHM but not an IFMGSPHM, since 4 = (y, (0.4, 
0.7,), (0.6,, 0.3,)) is an IFGSPCS in Y but f(A) is not an IFGSPCS in X, since FA) = 
(x, (0.4,, 0.7,), (0.6,, 0.3,)) & G but spcl(£!(4)) = 1, €G, 


Theorem. 3.9 : The composition of two IFMGSPHMs is an IFMGSPHM. 


Proof: Let f : X > Y and g : Y — Z be any two IFMGSPHMs. Let 4 c Z be an IFGSPCS. 
Then by hypothesis, g^! (4) is an IFGSPCS in Y. Again by hypothesis, f(g (4)) is an IFGSPCS 
in X. Therefore g o f is an IFGSP irresolute mapping. Now let B C X be an IFGSPCS. Then 
by hypothesis, f (B) is an IFGSPOS in Y and also g(f(B)) is an IFGSPOS in Z. This implies 
g o f is an IFMGSPOM. Hence g o f is an IFMGSPHM. 


Theorem 3.10: Let f: X — Y be a bijective mapping. If f is an IFGSP irresolute mapping, 


then the following are equivalent. 


(i) fis an IFMGSPOM (ii) fis an IFMGSPHM (iii) f is an IFMGSPCM 


Proof: Straightforward. 
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Theorem 3.11: The set of all IFMGSPHMs in an IFTS (X, 1) is a group under the composition 
of maps. 


Proof: Define a binary operation * ` IFMGSPHM(X) x IFMGSPHM(X) > IFMGSPHM(X) 
by f* g = g o f for every f, g e IFMGSPHM(X) and o is the usual operation of composition 
of maps. Since g € IFMGSPHM(X) and f e IFMGSPHM(X) by Theorem 3.9, g of € 
IFMGSPHM(X). We know that the composition of maps is associative. The identity map 
I: (X, t) > (X, 1) belonging to IFMGSPHM(X) is the identity element. If e IFMGSPHM(X), 
then f! e IFMGSPHM(X). Since if A is an IFGSPOS in X, then (ŻY! (4) = f (4) is an IFGSPOS 
in Y, by hypothesis that f is an IFGSPOM. Therefore f! is an IFGSP irresolute mapping. 
Similarly if A is an IFGSPOS in Y, then f!(A) in X is an IFGSPOS, by the hypothesis that 
f is an IFGSP irresolute mapping. Therefore f! is an IFGSPOM. Hence f is an IFMGSPHM. 
Thus fof = f! o f= I and so the inverse exists for each element of IFMGSPHM(X). Hence 
(IFMGSPHM(X), 0) is a group under the composition of maps. 


Theorem 3.12: Let f: X Y be an IFMGSPHM. Then f induces an isomorphism from the 
group IFMGSPHM(X) onto the group IFMGSPHM(Y). 


Proof: Using f, we define a map Py: A(X) £5 h(Y) by fh) = foho f! for every h € 
ÍFMGSPHM(X). Then pris a bijection. Also for all hy; h, € IFMGSPHM(4), (A; o hy) = 
fo(h oh)ofl-(foh of') o(f oh of!) = gph) o (h). This implies 9, is a 
homomorphism and so Q, is an isomorphism induced by f. 


Theorem 3.13: If f : X — Y is an IFMGSPHM, then gspcl(/1(B)) c (൫) for every 
IFS B in Y. 


Proof: Let B c Y. Then spcl(B) is an IFGSPCS in Y. Since fis an IFGSP irresolute mapping, ` 
f\(spel(B)) isan IFGSPCS in X. This implies gspcl(f (spcl(B))) = f'(spcl(B)). Now 
gspel(f-(B)) ഠ gspel(£ (spcl(B)) f !(spel(8)). 


Theorem 3.14: If f : X > Y is an IFMGSPHM, where X and Y are IFSPT,, spaces, then 
400) = f (spcl(B)) for every IFS B in Y. € \4 
: 6108 
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Proof: Since f is an IFMGSPHM, f is an IFGSP irresolute mapping. Since spcl(f(B)) is an 
IFGSPCS in Y, /f(spcl(f(B)) is an IFGSPCS in X. Since X is an IFSPT,,, space, 
f (spcl(f (B))) is an IFSPCS in X. Now, f£! (B) c (ഇപ) c spcl(f-!(spcl(B))). We have 
spel(f!(B)) & spel(£! (spcl(B))) = f" (spel(B)). This implies spel(#!(B)) f'(spel(B)) — (*). 
Again since f is an IFMGSPHM, f! is IFGSP irresolute mapping. Since spcl(f!(B)) is an 
IFGSPCS in X, (f-)(spcl(f-(B))) = f(spcl(f(B))), is an IFGSPCS in Y. Now B c 
FB) & FY pel(f 1 ën) (ഗി). Therefore spcl(B) c spel(Kspel(f"(B)))) 
= f(spcl(f!(B)) since Y is an IFSPT,, space. Hence f'(spcl(B)) c f'(fspel(£!(8)) c 
spcl(f1(B)). That (൦12) c 0൦1൫൩) — (**). Thus from (*) and (**) we get 
൭൧00൦൧) = f! (spcl(B)) and hence the proof. , 


Corollary 3.15: If f : X — Y is ad IFMGSPHM, where X and Y are IFSPT,, spaces, then 
൭൧0002) = f(spcl(B)) for every IFS B in X. 


Proof: Since f is an IFMGSPHM, f! is also an IFMGSPHM. Therefore by Theorem 3.14 
spcl((F!)-1(B)) = (F^ (spcl(B)) for every B c X. That is spel(f(B)) = f (spcl(B)) for every 
IFS B in X. 


Corollary 3.16: If f: X — Y is an IFMGSPHM, where X and Y are IFSPT,, spaces, then 
spint (f(B)) = f(spint(B)) for every IFS B in X. 


Proof: For any IFS B c X, spint(B) = (spcl(B°))°. By Corollary 3.15, f (spint(B)) = f (spel(B*))° 
= (f(spcl(B^)))* = (spel(7(B°)))° = spint(/(B^))* = spint(f (B°)°) = spint (B)). 


Corollary 3.17: If f : X — Y is an IFMGSPHM, where X and Y are IFSPT,, spaces, then 
൮0൦1൫) = f-(spint(B)) for every IFS B in ¥ 


Proof: Since f is an IFMGSPHM, f is also an IFMGSPHM. Therefore the proof directly 
follows from Corollary 3.16. 
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SEVERAL OTHER FORMS OF SEPARATION AXIOMS 
IN BITOPOLOGICAL SPACES 


TAKASHI NOIRI AND VALERIU POPA 


ABSTRACT : By using the results in [23] and [26], we obtain the unified properties of the following 
ten families: the families of (1, 2)*-semi-open sets, (1, 2)*-preopen sets, (1, 2)*-a-open sets. (1, 2)*- 
semi-preopen in [35]; the families of, (1, 2)-semi-open sets, (1, 2)-preopen sets, (1, 2)-a-open sets, (1, 
2)-semi-preopen sets in [33] and the new families of (1, 2)*-b-open sets, (1, 2)-b-open sets 


Key words : Key words and phrases. bitopological space, m(t;, t,)-7, (i = 0, 1, 2), m(t,, ൬-൧, (1 
= 0, 1, 2), my-open, m-space. . 
AMS Subject Classification. 54D10; 54E55. 


1. INTRODUCTION 


In 1982, Tong [36] introduced the notion of D-sets and used these sets to introduce a separation 
axioms D, which is strictly between 7, and T,. In 1975, Maheshwari and Prasad [16] introduced 
new separation axioms semi-T,, semi-7, and semi-T, by using semi-open sets due to Levine 
[15]. Borsan [4] and Caldas [5] introduced the notions of s-D-sets and a separation axiom 
which is strictly between semi-7, and semi-7,. In 1998, Kar and Bhattacharyya [14] introduced 
new separation axioms prc-T,, pre-T, and pre-T, by using preopen sets due to Mashhour et 
al. [20]. Recently, Caldas [6] and Jafari [12] introduced independently the notions of p-D-sets 
and separation axioms p-D, which is strictly between pre-7, and pre-7,. In [28] and [17], the 


authors extended the notions of semi-7, and semi-7| topological spaces to bitopological spaces. 


The notions of quasi-open sets [10], [32] or t,t,-open sets in bitopological spaces are 
introduced. The notions of (1, 2)*-preopen sets is introduced in [35]. In [27], the notions of 
(1, 2)*-pre-T, y Spaces (k = 0, 1, 2), pre-diference sets [27] and pre-diference axioms are 
introduced and studied. 


In [29] and [30], the present authors introduced the notions of minimal structures, m- 


spaces, m-continuous functions and M-continuous functions. In [23], the authors introduced 
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and studied the notions of m-T, spaces and m-D, spaces (i — 0, 1, 2) generalizing the notions 
of T, p-T, D,-spaces (i = 0, 1, 2). The authors of [24], [25], [8] extended the notions of 
m-continuity and M-continuity in [29] and [30] to the notions of continuity forms in 


bitopological spaces. 


In [26], the present authors extended the notions of m-T, spaces and m-D, spaces 
(i = 0, 1, 2) to the notions of some separation axioms in bitopological spaces. In the present 
paper, by using the results in [23] and [26], we obtain the unified properties of the following 
ten families: the families of (1, 2)*-semi-open sets, (1, 2)*-preopen sets, (1, 2)*-a-open sets, 
(1, 2)*-semi-preopen in [35]; the families of, (1, 2)-semi-open sets, (1, 2)-preopen sets, 
(1, 2)-a-open sets, (1, 2)-semi-preopen sets in [33] and the new families of (1, 2)*-b-open 
sets, (1, 2)-b-open sets. 


2. PRELIMINARIES 


Let (X, T) be a topological space and 4 a subset of X. The closure of 4 and the interior of 
A are denoted. by CI(A) and Int(A), respectively. 


Definition 2.1 Let (X, t) be a topological space. A subset 4 of X is said to be a-open [22] 
(resp. semi-open [15], preopen [20], B-open [1] or semi-preopen [3)) if A C Int(Cl(Int(A))) 
(resp. 4 c Cl(Int(4)), 4 C Int(CI(4), 4 c CI(Int(CI(A))). 


The family of all semi-open (resp. preopen, a-open, B-open, semi-preopen) sets in X 


is denoted by SO(X) (resp. POX), UX), BX), 520. 


Definition 2.2 The complement of a semi-open (resp. preopen, o-open, Bopen, semi-preopen) 
set is said to be semi-closed [9] (resp. preclosed [11], a-closed [21], B-closed [1], sem- 
preclosed |3]). 


Definition 2.3 The intersection of all semi-closed (resp. prezlosed, o-closed, B-closed, semi- 
preclosed) sets of X containing A is called the semi-closure [9] (resp. preclosure [11], a-closure 
[21], B-closure [2], semi-preclosure [3]) of A and is denoted by sCI(A) (resp. pCI(A), aCl(A), 
ദ, spCl(A)). 
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Definition 2.4 The union of all semi-open (resp. preopen, 0.-open, B-open, semi-preopen) sets 
of X contained in A is called the semi-interior (resp. preinterior, a-interior, B-mterior, semi- 
preinterior) of A and is denoted by sInt(4) (resp. pInt(A), olnt(A), glnt(4), spInt(A)). 


Definition 2.5 Let (X, t) be a topological space. A subset A of X is called a D-set [36] (resp 
s-D-set [4], [5], p-D-set [12]) if there exist two open (resp. semi-open, pre-open) sets U. V 
in X such that U + X and A = U - V. 


If we replace open sets in the usual definitions of 7), T,, T, with D-sets (resp s-D- 
sets, p-D-sets), then we obtain the definitions of separation axioms D,[36] (resp. s-D [4], [5] 
p-D, [14]) for i = 0, 1, 2. 


5 


Throughout the present paper (X, t) and (Y, o) always denote topological spaces and 
(X, നും t5) and (Y, t,, ൬) denote bitopological spaces. 


3. MINIMAL STRUCTURES 
Definition 3.1 A subfamily iy of the power set P (X) of a nonempty set X is called a mmimal 
structure (or briefly m-structure) [29] on X if 9 € my and X € m, 


By (X, my) (or briefly (X, m)), we denote a nonempty set X with a minimal structure 
my on X and call it an m-space. Each member of my is said to be my-closed (or briefly 
m-closed). 


Remark 3.1 Let (X, ൬ be a topological space. Then the families t, SO(X), POCA), UX), BCX) 
and SPO(X) are all m-structures on X. 


Definition 3.2 Let X be a nonempty set and my an m-structure on X. For a subset 4 of X, 
the my-closure of A and the my-interior of A are defined in [19] as follows: 


(1) mC(4) = n(F. AC E X- Fe my}, 

(2) mint(4) = U{U: Uc A, Ue my}. 
Remark 3.2 Let (X, T) be a topological space and 4 a subset of X. If my = t (resp. SO(X), 
PO(X) o(X) B(X), SPO(X)) then we have 

(1) mCI(4) = ലര (resp. sC(A), pCI(4), ,CI(4), ഉ, spCI(4)), 

(2) mInt(4) = Int(A) (resp. sInt(A), pint(4), alnt(A), glnt(4), spInt(A)). 
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Lemma 3.1 (Maki et al. [19]). Let X be a nonempty set and my a minimal structure on X. 
For subsets A and B of X, the following properties hold: 


(1) mCI(X — A) = X — mint(4) and mint(X — A) = X — മവ, 

(2) If (X — A) € my, then mC(A) = A and if A € my, then mInt(4) = A 
(3) mCI(0) = 0, mCI(X) = X, mint(0) = Qand mInt(X) = X, 

(4) If A C B, then mC\(A) C mCI(B) and mInt(4) c mint(B), 

(5) 4 C mCI(4) and mInt(4) C. A, 

(6) mCl(mCI(4)) = mCI(A) and mInt(mInt(4)) = mint(4). 


Lemma 3.2 (Popa and Noiri [29]). Let (X, my) be an m-space and A a subset of X. Then 
x € mCI(A) if and only if UN A + Q for every U € my containing x. 


Definition 3.3 A minimal structure my on a nonempty set X is said to have property B [19] 


if the union of any family of subsets belonging to my belongs to my. 
Lemma 3.3 (Popa and Noiri [31]). Let (X, my) be an m-space and my have porem B. Then 
for a subset A of X, the following properties hold: 
(1) 4 € my, if and only if mlnt(4) ^ 4 
(2) A is my-closed if and only if mCI(A) = 4 
(3) mInt(4) € my and ൩൧1൧ is my-closed. 
Definition 3.4 A function f: (X, my) — (Y, my) is said to be M-continuous [29] if for each 


x € X and each my-open sets V of Y containing f(x), there exists U € my containing x such 
that KU) c V 


Theorem 3.1 (Popa and Noiri [29]). Let (X, my) be an m-space and my have property B. For 
a function f : (X, my) > (Y, my), the following properties are equivalent: 

(1) f is M-continuous; 

(2) £F (V) is my-open for every my-open set V of Y; 

(3) FIF) is my-closed for every my-closed set F of Y. 
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4. MINIMAL STRUCTURES AND BITOPOLOGICAL SPACES 


Definition 4.1 A subset A of a bitopological space (X, T}, ൬) is said to be quasi-open [10], 
[18] or t,t,-open (simply T,,-open) [33] if 4 = B U C, where B € 1, and Ce Ñ, 


The family of all t,t,-open sets of (X, T,, ൬) is denoted by t,t,O(X) (simply 1;,0(X)). 
It is obvious that t,,O(X) is an m-structure with property B. The complement of a T,T,-open 
set of (X, T,, ൬) is said to be t,t,-closed (simply T,,-closed). The intersection of all T,,-closed 
sets containing a subset A of X is called the t,t,-closure of A and is denoted by t,t,CI(A) 
(simply 1,,Cl(4)). The union of all t,t,-open sets contained in 4 is called the t,t,-interior 
of A and is denoted by t,t,Int(A) (simply t,,Int(4)). 
Definition 4.2 A subset 4 of a bitopological space (X, T}, T,) is said to be 

(1) (1, 2)*-semi-open [35] if4c 15 Cl(1,,Int(A)), 

(2) (1, 2)*-preopen 135] if A C tyInt(c;,Cl(4)), 

(3) (1, 2)*-a-open [35] if A C T).Int(t,,Cl(t,,Int(4))), 

(4) (1, 2)*-semi-preopen [35] if 4 C 1,5Cl(1,Int(v,,Cl(4))), 

(5) (1, 2)-semi-open [33] if A C 1,,CK(x Int(4)), 

(6) (1, 2)-preopen [33] if 4 C t,Int(t,,Cl(A)), 

(7) (1, 2)-a-open [33] if A C t,Int(t,,Cl(t,Int(4))), 

(8) (1; 2)-semi-preopen [33] if A c t,,CI(t,Jnt(t,,Cl(4))). 


The family of all (1, 2)*-semi-open (resp. (1, 2)*-preopen, (1, 2)*-c-open, (1, 2)*-semi- 
preopen, (1, 2)-semi-open, (1, 2)-preopen, (1, 2)-a-open, (1, 2)-semi-preopen) sets is denoted 
by (1, 2)*SO(X) (resp. (1, 2)*PO(X), (1, 2)*a(X), (1, 2)*SPO(X), (1, 2)SOCX), (1, 220(൧, 
(1, Jaw, (1, 2)SPO(X)). 


Remark 4.1 Let (X, Ty, ൬) be a bitopological space. 


(1) The families (1, 2)*SO(X), (1, 2)*PO(X), (1, 2)*a(X), (1, 2)*SPO(X), (1, 2)50(X), 
(1, 2)PO(X), (1, 2)a(X), and (1, 2)SPO(X) are all m-structures with property B. 
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(2) By m(t,, T3) (simply m,,), we denote each member of the above eight familes and 
call it an m-structure determinded by t, and ൬. Let m(t,, ൬) = 1,,0(X) (resp. (1, 2)*SO(X), 
(1, 2)*PO(X), (1, 2)*a(4), (1, 2)*SPO(X), (1, 2)SO(X), (1, 2)PO(X), (1, 2)a(X), (1, 2)SPO(X)), 


then we have 


mj4CK(A) = ൮൭ (resp. (1, 2)*sCI(A), (1, 2)*pCI(4), (1, 2)*aCI(A), (1, 2)*spCI(A), 
(1, 2)sCI(A), (1, 2)pCI(4), 0, DACA), (1, 2൮), 


my Int(A) vj, Int(4) (resp. (1, 2)*sInt(A), (1, 2)*pInt(A), (1, 2)*alnt(4), (1, 2)*spInt(4), 
(1, 2)sInt(4), (1, Z)pInt(A), (1, 2)ont(A), (1, 2)spInt(A)). 


(3) Since m(t,, ൬) has property B, by Lemma 3.3 we have 
(i) A is mj5-closed if and only if m,,Cl(4) = 4, 
(ii) A is m,,-open if and only if mjjInt(4) = A 


for mir, 15) = TROX) (resp. (1, 2)*SO(X), (1, 2)*PO(X), (1, 2)*a(X), (1, 2)*SPO(A), 
(1, 2)SO(X), (1, 2)PO(A), (1, 2)a(X), (1, 2)SPO(X)). 
(4) By Lemma 3.2, we obtain the result established in Proposition 2.2(ii) of [32]. 


(5) By Lemma 3.1, we obtain the relations between m, ,CI(4) and myjInt(A). 


5. m(1,, T,)-TrSPACES 
Definition 5.1 An m-space (X, my) is said to be 


(1) m-T, [23] if for any pair of distinct points x, y of X, there exists an my-open set 


containing x but not y or an my-open set containing y but not x, 
(2) m-T, [23] if for any pair of distinct points x, y of X, there exists an m,-open set 
containing x but not y and an my-open set containing y but not x, 


(3) m-T, [29] if for any pair of distinct points x, y of X, there exist my-open sets U, 
V such that x € U, ye Vand UN V - 9. 


Definition 5.2 Let (X, t,, ൬) be a bitopological space and m(t,, ൬) a minimal structure on 
X determined by T, and T,. Then (X, T,, യ) is said to be m(t,, t,)-7, (briefly m,,-T,) if the 
m-space (X, m(1,, 15)) is m-T, for i = 0, 1, 2. 
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Remark 5.1 Let (X, 1j, T) be a bitopological space. Let m(t,, ൬) = (1, 2)*SPO(X) (resp. 
(1, 2)SO(X), (1, 21700, (1, 2)a(X)). 
(G) If Q5 Tp 5) is n5- T3, then (X, T,, t) is (1, 2)*-pre-7, [27] (resp. ultra semi- 
Ty [13], ultra pre-7, [34], ultra 2-7 [13]). 
(2) If (X, Ty, 75) is m5-T,, then (X, 1,, 75) is.(1, 2)*-pre-T, [27] (resp. ultra semi- 
T, [13], ultra pre-T, [34], ultra 0-7 [13]). 


G) If (X, Ty, Ty) is ശം then (X, t, t) is (1, 2)*-pre-T, [27] (resp. ultra semi- 
T, [13], ultra pre-7, [34], ultra a-T, [13]). 

We shall recall the definition of A,,-sets, a topological space (X, A,,) and (A, n1)-closed 
sets in order to obtain characterizations of ml, spaces for i = 0, 1, 2. Let (X, m) be an 
m-space and A a subset of X. A subset A, (4) is defined in [7] as follows: A,(4) = ~{U : 
A C Ue m}. The subset 4 is called a A -set [7] if 4 = A,,(A). The family of all A, -sets 
of (X, my) is denoted by A, (X) (or simply A,,). It follows from Theorem 3.1 of [7] that the 
pair (X, A) is an Alexandorff (topological) space. The subset 4 is said to be (A, m)-closed 
[7] if 4 = Un F, where U is a A,-set and F is an m-closed set of (X, m). 


Let (X, T,, ൬) be a bitopological space and m(t,, ൬) a minimal structure on X determined 
by *, and 7. For an m-structure m(t,, T3), Ant c) S818, a topological space (x, Amita) 
and (A, m(T,, T,))-closed sets are similarly defined. 


Lemma 5.1 (Noiri and Popa [23]). An m-space (X, my) is m-Ty if and only if mCl((x]) + 
Cl({y}) for any pair of distinct points x, y € X. 


Lemma 5.2 (Cammaroto and Noiri [7]). For an m-space (X, my), the following properties are 
equivalent: 
(1) (X, my) is m-Ty; 5 


(2) The singleton {x} is (A, m)-closed for each x € X; 
(3) (% A,,) is To 


Theorem 5.1 Let (X, Ti, ൬) be a bitopological space and m(t,, ൭) a minimal structure on 
X determined by t, and ൪. Then the following properties are equivalent: 
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(1) (X, Ty» Ta) IS my, 

(2) my Cl({x}) # m,,Cl((y3) for any pair of distinct points x, y € X; 
(3) The singleton (x) is (^, m(t,, T,))-closed for each x € X; 

(4) (X. Aug ui) P Ty. 


Proof. This is an immediate consequence of Definition 5.2 and Lemmas 5.1 and 5.2. 


Corollary 5.1 A bitopological space (X, T,, ൬) is (1, 2)*-pre-Ty [27] (resp. ultra 0൧ [34]?) 


if distinct points have distinct (1, 2)*-preclosure (resp. (1, 2)-a-closure). 


Lemma 5.3 (Nom and Popa [23]). Let (X, my) be an m-space and my have property B. Then 
(X, my) is m-T, if and only if for each points x € X, the singleton {x} is my-closed. 


Lemma 5.4 (Cammaroto and Noiri [7]). Let (X, m,) be an m-space and my have property 
B. Then for the m-space (X, my), the following properties are equivalent. 

(1) (X my) is ou 

(2) The singleton (x) is a A,,-set for each x € X; 

(3) (X, A,,) is discrete. 


Theorem 5.2 Let (X, Ti, ൬) be a bitopological space and m(t,, ൬) a minimal structure on 
X determined by t, and t. Then for the space (X, T,, ൬), the following properties are equivalent: 
(1) (X Ty, 5) is my T; 
(2) The singleton (x) is m,,-closed for each points x € X, 
(3) The singleton {x} is a ^ 


mapo) Set for each x € X; 


(4) (x ; ത is discrete. 
Proof. This is an immediate consequence of Lemmas 5.3 and 5.4. 


Remark 5.2 Let (X, T}, ൬) bea bitopological space. Let m(t,, ൬) = T,,0(X) (resp. (1, 2)*PO(X), 
(1, 2)a(X), (1, 2)PO(X)), then by Theorem 5.2, we obtain the results established in [18] (resp. 
Theorem 3.11 of [27], Theorem 3.8 of [13] or Theorem 4.8 of [33], Theorem 6.8 of [33]). 
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Lemma 5.5 (Not and Popa [26]). Let (X, my) be an m-space and my have property B Then, 


for the m-space (X. my) the following properties are equivalent: 
(1) (X my) is m-T,; 
(2) For any distinct pomts x, y € X, there exists U € my containing x such that y 
€ mCl(U) 
(3) For each point x € X, (xj = n(mCI(U) : x e UE my}; 
(4) For each pair of distinct points x, y € X, there exists an M-continuous function 


f of (X, my) into an m-T, m-space (Y, my) such that f(x) # f(y). 


Definition 5.3 Let (X, T,, t,) (resp. (Y, ou, ൭) be a bitopological space and m(t,, ൬) (resp. 
mio, 05)) a minimal structure on X (resp. on Y) determined by t, and t, (resp. o, and 0,). 
A function f : (X, ^j, 15) > (Y, o 0,) is said to be M,-continuous if f : (X, m(t,, t,)) > 
(X, m(o,, 05)) is M-continuous. 


Theorem 5.3 Let (X, T}, t») be a bitopological space and m(t,, ൬) a minimal structure on 
X determined by 1, and v». Then, for the space (X, T., t.) the following properties are equivalent: 


(1) (X, tj, 25) is സ്പ 

(2) For any distinct points x, y € X, there exists U € m(t,, ൬) containing x such that 
yem 12CU; 

(3) For each point x € X, (x) = O{m CU) : x e Ue mr യു; 

(4) For each pair of distinct points x, y € X, there exists an M -continuous function 
f of (X, Ti Ty) into an m;,-T, space (Y, O,, 65) such that f (x) # f(y). 


Proof. This is an :mmediate consequence of Lemma 5.5. 


Remark 5.3 Let (X, t,, ൬) be a bitopological space and m(t,, ൬) = (1, 2)*PO(X) (resp. 
(1, 2)a(X)). Then, >y Theorem 5.3, we obtain the result established in Theorem 3.15 of [27] 
(resp. Theorem 6.10 of [33]). 


Lemma 5.6 (Noiri and Popa [26]). Let f : (X, my) — (Y, my) be an injective M-contmuous 
function and my have property B If (Y, my) is m-T, then (X, my) is m-T, for 1 = 0, 1, 2. 
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Theorem 5.4 Let m(t,, ൬) and (o: ൭) be minimal structures on (X, Ty, ൬) and (Y, 6,, 02), 
respectively. If f : (X, Ty, Ta) > (Y, gr, ൬) is an M,,-continuous injection and (Y, o, ©) 
is my-T, then (X, Ty, tj) is mT, for i = 0, 1, 2. 


Proof. This follows immediately from Definition 5.2 and Lemma 5.6. 


Definition 5.4 A function f: (X, Ty, T,) > (Y, ൦, ൭) is said to be (1, 2)*-preirresolute (resp. 
(1, 2-preirresolute if the inverse image of every (1, 2)*-preopen (resp. (1, 2)-preopen) set in 
(Y, ൦. ചട (1, 2)*-preopen (resp. (1, 2)-preopen) in (X, Ti ൬. 


Corollary 5.2 If a function f : (X, Ty, t,) > (Y, ൦, ച) is injective and (1, 2)*-preirresolute 
(resp. (1, 2)-preirresolute) and (Y, o, 65) is (l, S) tspres T, (resp. ultra pre-T,), then 
(X, നും ൬) is (1, 2)*-pre-T, (resp. ultra pre-T.). 


Proof. This is shown in Theorem 3.18 of [27] (resp. theorem 6.15 of [33]). 


Definition 5.5 An m-space (X, my) is said to be m-regular [31] if for each my-closed set F 
and for each point x e F, there exist disjoint my-open sets U and V such that x € U and 
FCF. 


Theorem 5.5 If an m-space (X, my) is m-T, and m-regular, then it is m-T». 


Proof. Let x and y be any pair of distinct points of X, then there exists U € my containing 
x but not y. Then X — U is my-closed and x € X — U. Since X is m-regular, there exist disjoint 
my-open sets V, and V, such that x € V, and X — UC FV. Thus x € Vj, y € V, and 
Vi ^ V, = 0. Hence (X, my) is m-T,. 


Theorem 5.6 Let (X, t,, ൬) be a bitopological space and m(t,, ൬) a minimal structure on 
X determined by t, and %,. If (X, Ty, T,) is m(t,, T,)-regular, then the following properties 


are equivalent: 
(1) (യയ) is mi Ty; 
2) (X, Ty) is m, 
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Proof. It is shown in [23] that m-T, > m-T, = m-T,. Therefore, the proof follows from 
Definition 5.2 and Theorem 5.5. 


Corollary 5.3 (Papmani and Thivagar [27]) Every (1, 2)*-pre-T, bitopological space is 
(1, 2)*-pre-T, if it is (1, 2)*-pre-regular. 


Definition 5.6 An m-space (X, my) is said to be m-symmetric if for each point x, y € X, x 
e mCl((y)) implies y € mCI({x}). 


Lemma 5.7 (Noiri and Popa [23]). Let (X, my) be an m-space, where m, has property B. Then 
the following properties are equivalent: 

(1) (X, my) is m-symmetric and m-Ty; 

Q) (X my) is m-T, 
Theorem 5.7 Let (X, t,, ൬) be a bitopological space and m(v,, ൬) a minimal structure on 
X determined by t, and ൬. Then the following properties are equivalent: 

(1) (X Ty, T3) is m(t,, T,)-symmetric and my-Ty 


(2) (X To Ty) is Duch, 


Proof. This follows from Definition 5.2 and Lemma 5.7. 


6. m(T,, T,)-diference axioms 


Definition 6.1 A subset 4 of an m-space (X, my) is called an m-D-set [23] if there exist two 
my-open sets U and V such that U + X and A = U — V. 


Every my-open sct different from X is an m-D-set since we can take as follows 4 = 
U and V= $. 
Definition 6.2 An m-space (X, my) is said to be 
(1) m-Do [23] if for any distinct points x, y € X, there exists an m-D-set of X containing 
x but not y or an m-D-set of X containing y but not x, 
(2) m-D, [23] if for any distinct points x, y € X, there exists an m-D-set of X containing 
x but not y and an m-D-set of X containing y but not x, 
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(1) m-D, [23] if for any distinct points x, y € X, there exist m-D-sets U, V of X such 
at re U ye Vand Urs V - o, 


Remark 6.1 Let (X, ൬ be a topological space and my is a minimal structure on X. If my = 
t (resp. SO(X), PO(X) a(X)), then we obtain we obtain the definitions of separation axioms 
D, [36] (resp. s-D, [4], p-D, [12], a-D,) for i = 0, 1, 2. 


Remark 6.2 By Definitions 5.1 and 6.2, we have the following diagram [23]: 


m-T, > m-T, => m-T, 
D 4 Jl 


m-D, => m-D, = m-Dy 


Definition 6.3 Let (X, T,, ൬) be a bitopological space and m(t,, t,) a minimal structure on 
X determined by t, and t,. Then a subset 4 of X is called an m(t,, T,)-D-set (briefly m- 
D-set) in (X, t,, 75) if 4 is an m-D-set in the m-space (X, mr, ൬). 


Remark 6.3 Let (X, T|, ൬) be a bitopological space and m(t,, ൬) a minimal structure on X 
determined by t, and T,. If m(t,, T3) = (1, 2)*PO(X) (resp. (1, 2)a(X)). Then, by Definition 
6.3, we obtain the definition of (1, 2)*-pre-diference sets [27] (resp. ultra aD-space [33]). 


Definition 6.4 Let (X, T,, ൬) bc a bitopological space and m(t,, ൬) a minimal structure on 
X determined by 7, and t,. Then (X, t, 15) is said to be m(T,, T,)-D, (briefly m,,-D,) if the 
m-space (X, mr, ൬) is m-D, for i = 0, 1, 2. 

If m(1,, t5) = (1, 2)*PO(X), then we obtain the definitions of (1, 2)*-pre-D, spaces for 
i 7 0, 1, 2 in [27]. 


Definition 6.5 A bitoppological space (X, t;, ൬) is said to be 
(1) (1, 2)*-pre-D, 127] if for any distinct points x, v € X, there exists an (1, 2)*-pD- 


ഴ്‌ 


set of X containing one of x and y but not the other, 
(2) (1, 2)*-pre-D, [27] if for any distinct points, x, y € X, there exist (1, 2)*-pD-sets 
U, V of X such that x€ U, y € Uandy e V,xe€ V 


(3) (1, 2)*-pre-D, [27] if for any distinct points x, y € X, there exist (1, 2)*-pD-sets 
U, V of X such that xe U ye Vand UN V -» o, 
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Remark 6.4 (1) By Remark 6.2 and Definition 6.4, we have the following diagram: 
MT, => MyT > my, 


y y Ü 


mc, > mD; = മുഗു 


(2) It follows from Example 3.7 of [27] that m,,-D, does not imply m,,-7, for i = 0, 
1, 2. 


(3) It follows from Example 4.6 of [27] that m,,-D, does not imply m,5-D, for i = 
l, 2. 


(4) It follows from Example 3.10 of [27] that mj5-D, , does not imply m,,-7, for i 
=], 2. 


Lemma 6.1 (Noiri and Popa [23]). 4n m-space (X, my) m-Dy if and only if it is m-T,. 


Theorem 6.1 Let (X, 1,, ൬) be a bitopological space and m(1;, ൬) a minimal structure on 
X determined by t, and t,. Then (X, ന ൬) is my4-Dg if and only if 2-0: 


Proof. This follows from Dcfinition 5.2 and Lemma 6.1. 


Remark 6.5 Let (X, T|, ൬) be a bitopological space and m(t,, 75) = (1, 2)*PO(X) (resp. (1, 
2)a(X)). Then, by Theorem 6.1, we obtain the result established in Theorem 4.1 of [27] (resp. 
Theorem 5.4 of [33]). 


Lemma 6.2 (Noiri and Popa [23]). Let (X, my) be an m-space and my have property B. Then 
(X, my) m-D, if and only if it is m-D,. 


Theorem 6.2 Let (X, T;, ൬) be a bitopological space and m(1,, ൬) a minimal structure on 
X determined by t, and CG Then (X, Ty, ൬) is my,-D, if and only if it is mj5-D,. 


Proof. This follows from Dcfinition 6.4 and Lemma 6.2. 


Remark 6.6 Let (X, തം ൬) be a bitopological space and m(t,, t,) = (1, 2)*PO(X) (resp. 
(1, 2൧൩. Then, by Theorem 6.2, we obtain the result established in Theorem 4.8 of [27] 
(resp. theorem 5.10 of [33]). 
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Lemma 6.3 (Noiri and Popa [23]). Let (X, my) be an m-symmetric m-space and my have 
property B. Then m-T,, mi-T,, m-Dy, m-D,, and m-D, are all equivalent. 


Theorem 6.3 Let (X, 1,, ൬) be a bitopological space and m(t,, ൬) a minimal structure on 


X determined by t, and C Then for (X, തം യു, the following axioms are equivalent: 
Proof. This follows from Definition 6.4 and Lemma 6.3. 


Definition 6.6 Let (X, my) bc an m-space. A point x € X is called an mcc-point if X is the 


unique my-open set containing x. 


Remark 6.7 If (X, t) is a topological space and my ൪ (resp. SO(X), PO(X)). Then, an mcc- 
point is called a cc-point [36] (resp. s.cc-point [4] or sc.c-point [5], pcc-point [6]). 


Definition 6.7 Let (X, T,, ൬) be a bitopological space and m(t,, ൬) a minimal structure on 
X determined by t, and t,. A point x € X is called an m(t,, ൬) cc-point (simply mcc- 


point) if X is the unique m(t,, T,)-open set containing x. 


Lemma 6.4 (Noiri and Popa [23]). f an m-space (X, my) is m-Te, then there exists at most 


one mcc-point. 


Theorem 6.4 Let (X, 1,, ൬) be a bitopological space and m(t,, ൬) a minimal structure on 
X determined by t, and %,. Then (X, 1,, ൬) is my, Ts, then there exists at most one my cc- 


point. 
Proof. This follows from Definition 6.7 and Lemma 6.4. 


Corollary 6.1 Let (X, തം ൬) be a bitopological space and m(t,, ൬) = (1, Z)*PO(X). Then 
if (X, Ti T,) is (1, 2)*-pre-Ty, then there exists at most one (1, 2)*pcc-point 


Lemma 6.5 (Noiri and Popa [23]). An m-T, m-space (X, my) is m-D, if and only if it does 


not have any mcc-point. 


Theorem 6.5 Let (X, T,, ൬) be a bitopological space and m(t,, ൬) a minimal structure on 
X determined by ^, and 1. Then (X, Ty, ൬) is my -D, if and only if it does not have any 
my4cc-point. 
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Proof. This follows from Dcfinition 6.6 and Lemma 6.5. 


Corollary 6.2 Let (X, T,, ൬) be a bitopological space and m(t,, ൬) = (1, 2)*PO(X). Then 
(X, തും ൬) is (1, 2)*-pre-D, uf and only if it does not have any (1, 2)*pcc-point. 


Lemma 6.6 (Noiri and Popa [23]). Let (X, my) and (Y, my) be m-spaces, where m, has property 
B, and f : (X, my) > (X, my) an M-continuous surjection. If B is an m-D-set of (Y, my), then 
fF (B) is an m-D-set of (X, my). 


Theorem 6.6 Let (X, 1,, ൬) (resp. (X. o, ©,)) be a bitopological space and m(t,, ൬) (resp. 
mio, 05)) an minimal structure on X (resp. Y) determined by t, and v, (resp. 6, and ol 
ff: Op %) > (Y, 0, GJ is an M,,-continuous surjection and (Y, oe, 6») is 
m(O,, 05)-D,, then (X, Ti, t) is M(t, ൬-2). 


Proof. This is an immediate consequence of Lemma 6.6. 


In case m(t,, t5) = (1, 2)*PO(X) and m(o,, o5) = (1, 2)*PO(Y), we have the following 
corollary. 


Corollary 6.3 Let f : (X, Ty, T3) > (Y, 6), 65) be a (1, 2)*-preirresolute surjection If (Y, o, 
6») is (1, 2)*-pre-D,, then (X, Ti, t5) is (1, 2)*-pre-D,. 


Lemma 6.7 (Noiri and Popa [23]). 4n m-space (X, my), where my has property B, is m-D, 
if and only if for each pair of distinct point x, y € X, there exists an M-continuous surjection 
of (X, my) onto an m-D, m-space (Y, my) such that f(x) + f (y)., 


Theorem 6.7 Let (X, T,, ൬) be a bitopological space and m(t,, ൬) an minimal structure on 
X determined by t, and v,. Then (X, T,, t5) is my5-D, if and only if for each pair of distinct 
point x, y € X, there exists an M,,-continuous surjection of (X, *,, T,) onto an m,,-D, 
bitopological space (Y, o, 05) such that f(x) + f QJ. 


Proof. This is an immediate consequence of Lemma 6.7. 


Corollary 6.4 4 bitopological space (X, rr ൬) is (1, 2)*-pre-D, if and only if for each pair 
of distinct point x, y € X, there exists a (1, 2)*-preirresolute surjection of (X, Ty» ൬) onto 
an (1, 2)*-pre-D, space (Y, ou, 05) such that f(x) + fO). 
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7. NEW FORMS OF mT; AND m-DP; FOR i = 0, 1, 2. 

Definition 7.1 A subset 4 of a bitopological space (X, T}, v5) is said to be 

(1) 0, 2)*-b-open if A C 1,5Cl(t,,Int(4)) U T,,Int(t,,CI(A)), 

(2) (1, 2)-b-open if A C %,Cl(t,Int(A)) Y tInt(t,,Cl(A)). 

The family of all (1, 2)*-b-open (resp. (1, 2}:b-open) sets is denoted by (1, 2)*BO(X) 
(resp. (1, 2)BO(X)). 
Remark 7.1 Let (X, T}, t;) be a bitopological space. 

(1) The families (1, 2)*BO(X) and (1, 2)BO(X) are m-structures with property D. 


(2) By m(t,, T,) (simply m,,), we denote each one cf the above two familes and call 
it an m-structure determinded by t, and യു. Let m(t,, T3) = (1, 2)*BO(X) (resp. 
(1, 2)BO(X)) then we have 


mCI(A) = (1, 2)*bCI(A) (resp. (1, 2)bCI(A)), 

myjInt(4) = (1, 2)*bInt(A) (resp. (1, 2)bInt(A)). 
G) mT, = (1, 2)*-b-T, (resp. (1, 2)-b-T) for i = 0, 1, 2. 
(4) mD, = (1, 2)*-b-D, (resp. (1, 2)-5-D) for i = 0, 1, 2. 


Now, we can apply the results established in Sections 5 and 6 to the above two families. 
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(f, 2)-NONEXPANSIVE MAPPINGS 
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ABSTRACT : The aim of this paper is to prove the unique common fixed point theorems for generalized 
(f. g)-contraction if both (7; f) and (7; g) are weakly compatible in a metric space (E, d). We also establish 
the result for generalized (f; g)-Nonexpansive mappings in a linear normed space E 


Key words : Common fixed point; generalized (f, g)-contraction; generalized (f; g)-nonexpansivc, weakly 
compatible mappings. 
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1. INTRODUCTION & PRELIMINARIES 


Let K be a nonempty subset of a metric space (E, d) and T a mapping from K to E. We shall 
denote the closure of K by K , the boundary of K by OK, and all positive integer by N, and 
the set of fixed points of T, (x € K : x = Tx}, by F(T). When (x,) is a sequence in Æ, then 
x, > x (respectively, x, — x) will denote the strong (respectively, weak) convergence of the 


sequence {x,} to x. 


A mapping T : K > E is called an (f, g)-contráction if there exists 0 S k S 1 such that 
d(Ix, Ty) € kd(fx, gy) for all x, y € K. If k= 1, then T is called (f, g)-nonexpansive. If g 
= f, in the above inequality, T is said to be an f-contraction (respectively, fnonexpansive). A 
point x € K is a coincidence point (respectively, common fixed point) of f and T if f(x) =Tx 
(respectively, x = f(x) = Tx) The set of coincidence points of f and T is denoted by CO. T). 
The pair (f T) is called to be 


(i) Compatible DL if fx, Tx, € K and lim, ,,, d(Tfx,, fTx,) = 0 whenever tel is 


a sequence such that 1൩... 7x 


m" 
Q7 lim, ft, = t for some t € K; 


(ii) Weakly compatible, if NCY, T) C K and f(C(f T) € K such that Tx = Tf 


whenever x € CU T). Suppose that E is a compact metric space and both 7 and 
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f are continuous self-mapping, then (£ T) compatible equivalent to (f, 7) weakly 
compatible [3, Theorem 2.2, Cor. 2.3]. 


Let K be a nonempty closed convex subset of a normed space 4. A mapping f: K > 
K is affine if K is convex and f(kx + (1 — Ay) = kk + (1 — fy for all x, y € K and all 
k € [0, 1]. A subset K of a norm space E is called g-starshaped with q € K if kx + 
(1— £g € K for all xe K and all ke [0, 1]. Let T be a mapping from a q-starshaped subset 
K of a normed space E into itself. T is called g-affine if T(kx + (1 — bq) = kTx + (1 - kg 
for all x € K and all & € [0, 1]. It is casy to see that if T is q-affine, then Tg = q. 


Let K be a q-starshaped subset of a normed space E and T, f be two mappings from 
K to itself. Then (T, f) is called C "commuting [1] if /7x = Tf for all x € C T), whenever 
CA T) = o(C(, T) :0s k < 1} and Tx= - Aq + kTx. Clearly, C commuting maps 
are weakly compatible but the converse does not hold in general. 

The aim of this paper is to prove that there is a unique common fixed point of 7 f 
g if T is generalized (f, g)-contractivc and both (7; f) and (7; g) are weakly compatible in a 


metric space (E, d). We also prove the result for generalized (f, g)-nenexpansive. 


2. MAIN RESULTS 


Let K be a nonempty subset of a metric space (E, d) and 7, f, g be three mappings on K. 
In this section, we will study thc common fixed point theorems of a generalized (f, g)-contraction 
and a generalized (f, g)-nonexpansive mapping. Now we define the generalized (f, g)- 


contraction. 


A mapping T: K > E is called generalized (f, g)-contraction, if there exists constants 
a, b, c € (0, 1) such that a + 2b + c < 1 satisfying the condition, 


d(Ix, Ty) S a max{d(fx, Tx), deu Dat 
+ b min{d(fs, Ty), den TX} + cd(fx, gy) 2.1) 
for all x ye K 


Next, we give our main results. 
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Theorem 2.1. Let K be a nonempty subset of a metric space (E, d) and T, f, g: K + E be 


three mappings with T(K) C RK) ൨ g(K). Suppose that T(K) is complete, and T is generalized 
(f, g)-contraction with constants a, b, c € (0, 1) such that a + 2b + c < 1. Then neither 
C(T, f) nor C(T, g) is empty. Moreover, if, in addition, both (T, f) and (T, എ are weakly 
compatible then F(T) © F(f) © F(g) is singleton. 


Proof. Choose x, E Since T(K) C /(K) A g(K), there exists a sequence {x,} in K such 


that Tx,, = fx, ,, and Try.) = Pom for all n 2 0. 
Now from (2.1), 
Kx, a, Ton) 5 a malen, Tion) d, To) 
+b min (df, ui, To) dëtze To,) + edo, Bry) 
S a max(d(Tx,,, Tx»), d(Tx), Ton} 
+b min (d(Tx,,, Tron) dat 1x59,,)) + ed(1x,,, Tx», 4) 
sa max {d(7X5,,; Tx, ao date Ton} + bd(Tx,, 15 Tens) 
+ ell Tx), 4) 
S a max{d(1x,,, Tx», 4), d(1x,, 1 Ton} 
+ b[d(Tx,, Tia + UT, Ton] + CdD, Tx2, 1) 
Now there are two cases. 
Case-(1) 


മന്നം Dal S (a But, Tan) + (b + ee Tx, A 
. (b 4 c) 
=> (Tx, mets Tx,,) S l- (a b) dl Tx, D 


dan, Ton) € (a + b+ മദ്‌, T, 4) + DATs T) 


കടം) 


a+b+c 
=> d(Tx, TX S py A Tx, 
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Again, 
d(Ix,, i Tal ^ S a max(d(f;, പാം ME Tx2,)] 
* b min(d(fo,, js Toon രം Tx), )) GU, ജാ 
S a max(d(Tx,, », Tx», 4); d(1xo, e Tx5,)) 
+ b min(d(Tx,, Tz) d(Tx,, Tan + cd(Txo, 2: Ty, 1) 
S a max(d(Tx,, പും d(Tx,, Tap) + ba(Tx,, 5, Tx») 
+ cd(Tx>, 9, Tx, 4) 
S a max(d(Tx,, 5, പം ഗ്രം Ton} 
+ b[d(Tx,,, 55 Txap) + d(Tx,,  1x5,)] + cd(1x,, 5, Tx), 


Again there are two cases, 


Casel) 
d(Tx, 4» on) | S (a * bt dTa Try, 1) + bA TS 7 
a+b+c 
=> dx, ys Xa) S p Tx Tos) 
Case-(IV) 


(btc : 
dii, 22) S eI d, Trei 


Hence from all the cases, we conclude that, 


ഴ്‌ Tx,) € kd(Tx 


Tx,) < die, Tx) 


n=l? 


b+ +b+ 
where k = max eg e <lasa+2b+ ce <1, and for all n 2 0 


Hence for all m 2n20 


d(Tx 


nr 


at 
Tx,) < Y d(Tx,, Tx, + 1) 
=I 


IA 


m-i 
Y K'd(Txy, Txo) 
=] 
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1 
x die, Ts) 


Then d(Tx 


w TX — 0 as m, n —» oo. 


ie. {7x,} is a Cauchy sequence. Since 7(K) is complete, then {7x,} converges to some z 


€ T(K), and by the definition of (7x,), we obtain that 

lim gn, =Z= lim f», 

n» n= 
Hence there exists u, v € K such that fu = z = gv. (Since (K) G f(K) ^ SEIL 
Let £ be any positive number and N a large number such that for any n > N 


A(z, Fran) < E, d(Ix, 2) < E, dfan Z) < E 
Then, 


d(Tu, z) ~ € € d(Tu, Tx,,) i 


a max{d(fu, Tu), d(gx,, Tell 

+ b min{d(fu, Tron) d(gx,,, 20) + cd(fu, Exon) 
< a max (d(Tu, 2), dës 2) + dz, മലാ) 
+ b min (d(z, 20), d(gx,,, z) — d(Tu, z)) 

+ e[d(fu, 2) + dz, gell 

< 


a max(d(Tu, z), 2€) + b{e, 0) + ce 
Now, there are two cases, 
Casel: 
d(Tu, z) — € € ad(Tu, z) + ce implies that Cree > d(Tu, z) 
Case-ll: 
(2a + ce) > d(Tu, z) — £ implies that (1 + 2a + c)e > d(Tu, z) 


Since £ be arbitrary positive number, we have Tu = z i.e. we have proved that u € C(T, f). 


* 
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Similarly, we can prove that v € C(T, ഇ and the first part of the theorem is proved. Next 
to prove second part, since (7, f), (T, g) are weakly compatible and Tu = fu = z = Tv = gv, 
then 
gz = gTv = Tgv = Tz = Tfu = flu = f 
Now, we prove that z is a common fixed point of 7, 2. Suppose thet z # Tz, then 
d(z, Tz) = d(Tu, Tz) < a max{d(fu, Tu), d(gz, Tz)) 
+ b min{d(fu, Tz), des, Tu)} + cd(fu, gz) 


IA 


a max(0, 0} + b min{d(z, Tz), dz, 22) 
c(d(fu, Tz) + dies, Tu)} 

(b + c)d(z, Tz) 

Hence z e F(T) n Ff) ^ Hei 


+ 


IA 


Corollary 2.2. Let K be a subset of a metric space (E, d) and T, f, g : K  K are there 
mappings with T(K) CG fK) © g(K). Suppose that T(K) is complete, ard T is a generalized 
(f. g)-contraction with constants a, b, c € (0, 1) and a + 2b + c < 1. Then neither C(T, f) 
nor C(T, g) is empty. Moreover if in addition both (T, f) and (T, g) are weakly compatible, 
then F(T) A F(f) ൨ F(g) is singleton. 

Next we define generalized (f, g)-nenexpansive mapping as follows: let K be a nonempty 
q-starshaped subset of a normed space E. A mapping T : K — K is called to be generalized 
(f, g)-nenexpansive if for all x, y e K 


Zx — Ty] S a max{d(fr, [Tx, q), da I, aD) 
+ b min{d(k, [27 al, dey, [Tx, ന) + ell & — gy I Q2) 
with a + 2b + c = 1 where a, b, c € (0, 1) 
We obtain the following result in a normed space E. 


Theorem 2.3. Let K be a nonempty q-starshaped subset of a normed space E, and let T, f, 
g: K K be three continuous mappings and T be a generalized (f, g)-nonexpansive mapping. 
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Suppose that both (T, f) and (T, ഉ are C commuting, and both f and g are q-affine. If T(K) 
is compact subset of f (K) © g(K), then F(T) ^ F(f) n Fg) » 9. 


Proof. Let (D. be a strictly decreasing sequence in (0, 1) such that Im, A, = 1. For each 


n, let T, be a mapping defined by 
Tx -—(1-À9q + à Tx, forall xe K 
Then for all n, T(K) C f(K) ^ g(K) by q-starshapedness of K and q-affiness of f and g. 
Thus for all x y e K 
ITs — Tvl S ATs — 24 

< Ayla max(d(fs, [Tx, ol, den [2 ol 

+ b min{d(k, [2 al, deu [Tx, 2) + clk — wl] 

< ^,[a max{|l& — TA le» — 25110 

+ b min(l& — Ty, 1൭ — TA" dër — will 
Then T,, 2 satisfy (2.2) with A, € (0, 1) and a +°2b + c = 1. Note that (7, f) and (T g) 
are C commuting and both f and g are q-affine, then q € F(f) © F(g) [1]. If Tx = fx = 
gx, we have 

T,-—-(01-2X)4* MI = (1—A9q + X,flix = RA — )q + MTX) = Tx 

Namely, (T, f) is weakly compatible. Similarly, we can prove that (7,, g) is weakly compatible. 
As T(K) is compact, then 7(K) is complete [6, 8]. It follows from Corollary (2.2) that for 
each n, there exists a unique x, € K such that 

x, = St, = ex, =A,Tx, 0-2 sik Dod) 
It follows from the compactness of T(K) that there exists a sequence {xy € {x,} and z € 
K such that 7x,, > z € T(K). 
Thus from (2.3), 


X, 7 Da" Bn m Ae Tx, Elb- Anpa nds 24) 
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as | — oo 


The continuity of 7, f and g implies that Tx, — Tz, fx,, jz, and gx,, > gz respectively. 
Hence from (2.4), we get z = Tz = fz = gz. 
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A NEW METHOD OF SOLVING SYSTEMS OF LINEAR 
FIRST ORDER ORDINARY DIFFERENTIAL 
EQUATIONS WITH CONSTANT COEFFICIENTS 


J. Das (NEE CHAUDHURI) 


ABSTRACT : Anew method of finding the solutions of systems of linear first-order ordinary differential 
equations with constant coefficients has been discussed. 


Key words : Systems of linear first-order ordinary differential equations (SODEs), Systems of linear 
algebraic equations, Linear rth-order ordinary differential equation. 
AMS Classification. 34B 


1. INTRODUCTION 


A system S$ of linear first-order ordinary differential equations (SODEs) in n unknows consists 


of m equations of the form 


S: Mx] = Sy Š Zoe = b(f) NUT 
` 2 


where ¢ € 7 (interval), = z, x = x() = (x(t), Sal .... x, (OV, d aye C (set of complex 


numbers) (i = 1, 2, ..., m; 7 = 1, 2, D by, Aa, b, are complex-valued functions on I, 


AT denotes the transpose of the matrix A. 


The usual methods of finding the solutions of the SODEs (1.1) are stated below for 


comparison with the method to be presented: 


(1) Laplace transforms are employed to each equation of the given SODEs (1.1) to 
derive m linear algebraic equations in the n unknows 3j, %,..., £,, where £, denotes the Laplace 
‘transform of x, i= 1, 2, ..., n. The solutions of these algebraic equations lead to the required 


solutions of the given SODEs (1.1), through inverse Laplace transforms. 
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(2) By differentiating thc equations of the SODEs (1.1) requisite number of times and 
an rth-order ODE (r = 2, 3, 
..) is derived in the remaining dependent variable, x, say. Using for x, the solutions of this 


rth-order ODE, the given SODEs (1.1) is reduced to another SODEs of first-order in n — 1 


eliminating n — 1 of the n dependent variables xj, xo, Eu 5 


variables. Repetitions of this process requisite number of times yield the required solutions 
of the given SODEs (1.1). 


(3) Sometimes, by inspection, a linear combination of the equations of the given SODEs 
(1.1) can be so found that the resulting ordinary differential] equation becomes solvable, leading 
to a linear algebraic equation in the n unknows x), x», ..., x,. If k linearly independent such 
linear combinations of the m cquations of the given SODEs (1.1) can be found, the solutions 
of the corresponding k algebraic equations in the n unknowns x, x, . ., x, will then help to 


find the required solutions of the given SODEs (1.1). 
Here are some comments on the three methods described abova: 


The method (1) is not applicable always as the inverse Laplace transforms, required there- 


in, may not be easily available. 


The method (2) is obviously a very lengthy process. Further, the success of the method 
depends upon the success of finding the solutions of the rth-order ODE derived here. 


The main lacuna of the method (3) is the “inspection”—part of it. 


The aim of this presentation is to exhibit a new method of finding the solutions of the 
SODEs (1.1), by determining suitable linear combinations of the equations of the given system, 
as referred to in (3) above, of course, not by "inspection", but by following a systematic 


algorithm. 
$2 deals with the main idea of solving SODEs with constant coefficients. 


$3 deals with the case m = n. 84 gives the algorithm; 85 gives an illustration while 


$6 deals with some special cases. Some remarks have been given in $7. 
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2. THE MAIN IDEA 


If A, (€ C) i= 1, 2, — m can be so found that 


y 


GEN dn) QU) 


for some k v, € C (i = 1, 2, ..., n), then using (1.1) one obtains from (2.1) the following 
differential equation 


z 


(Es) os $20. en. Q3) 
I= I= J= 


It is noted that (2.2) is a linear first-order ODE, and hence is solvable. Actually (2.2) yields 


Y vx, = exp (kt) [e + [exp(-k) $A (oa (2.3) 
1 ` i=l 


I= 


where C is the parameter of integration. 


Using (1.1) in (2.1) one gets 


m n , n n n ; n 
DA, Shy, - Sh Sax, ന്യ ...(2.4) 
ml jal j=l j=l Jal 


I 


Equating the coefficients of X, x(j = 1, 2, ..., m) from the two sides of (2 4) one obtains 


XM, =V, ...(2.5a) 
Di 
XAa, = kv, ..(2.5b) 


y — Hy) = 0 (i= 1, 2, ..., n). (2.6) 


The » linear algebraic equations (2.6) can now be solved for Ay, Ay, ..., Au in the usual way. 


ne? 
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Having obtained Ar, A», ..., Au one gets ഡയ, V5, ..., V, from (2.5a), and so the algebraic equation 
(2.3) is obtained. The number of such algebraic equations depends on the number of distinct 
complex numbers k satisfying (2.6). 


3. THE CASE m ^ n 


If, in particular, m = n, the n linear homogeneous algebraic equations in (2.6) determine a 


nontrivial solution for Aj, 2o, ..., A, provided 


akhi y= Ky s Gy kly 
ay Khy മമ... a= Kha 8 

P GA) 
oa — ky, മധ, ... Any — Flan 


The equation (3.1) is, in general, an nth-degree polynomial equation in k. So (3.1) possesses 
n roots, k,, Ky, .., k,, corresponding to each of which, the linear homogeneous algebraic 


equations (2.6) possesses a nontrivial solution for Ay, Jo, ..., A Let the solution of (2.6) for 


3 


k= k, be Ay, Ag es Ay, and v, = Xu, r= 1, 2, .., n. Then, from (2.3) one obtains 
i 


വ 


Zu = exp(k, de + [exp(- 1) XA) ol (3.2) 
I= J= 


where C, (€ C) is the corresponding parameter of integration and r = 1, 2, ..., 7. Solving the 
n linear algebraic equations of (3.2), the required solutions of the SODEs (1.1), with m = n, 
are obtained. 


4. THE ALGORITHM 
The steps to be followed for solving the SODEs (1.1) with m = n are the following: 


Step I : Solve the polynomial equation (3.1). 
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Step II : For each root k, (r = 1, 2, .., n) of (3.1), solve the system of algebraic equations 
(2.6) with k = k,. Let the corresponding solution be denoted by A. Ay, .., Au, 

Step UT : Solve the linear ODE (2.2) with M S ] * 1, 2, ..., n, to obtain (3.2). 

Step IV ` Solve the system of n algebraic equations (3.2) for x), x, ..., Xp 
The solutions obtained for x), x», ..., x, are the required solutions of the SODEs (1.1) with 


m = n. 


N.B. 1. : The algebraic equations in (2.6) being homogeneous, it is enough to determine À, 
P n rs 


N.B. 2. : If the degree of the polynominal equations (3.1) is less than n, then the n expressions 


Lx, „i= 1, 2, ..., n, are linearly dependent. So the rank of the matrix L = (1) is less than 
I= 


n. If rank L =r, then n — r algebraic equations in x}, x5, ..., x, can be derived from the given 
set of SODEs (1.1) without integration. Using these n — r algebraic equations, the given SODEs 
(1.1) in » unknowns can be reduced to a system in r unknows, which can be handled following 


the algorithm given in 84. 


5. AN ILLUSTRATION 

Example 1 : 20, 2X3 e — (1a) 

2x + 2x, മട. ...(ib) 
where / € p (set of real numbers). 
In this case (3.1) tums out to be 42 — 2k — 3 = 0. .. (iii) 
For the root 3 of (ii), the two equations of (2.6) are identical, viz 

3A, + A, = 0. 
Subtracting 3 times (ib) from (ia), one gets 


4x’, — 8x, — 12x, — 24x, = t-6. . Citi) 
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The solution of the linear ODE (iii) is given to be 


x, + 2x, = Rot Ce”, .. (iv) 


where C, (e C) is the parameter of integration. 
For the root — 1 of (ii), the two equations of (2.6) are identical, viz. 

Au ~ 5A, = 0. | 
Adding (ib) to 5 times (ia) one gets 

12x’, — 8x’, — 12x, + 8x, = 5t * 2, (v) 
whence, on integration, onc obtains 

12x, — 8x, = -7 — 5t + Coe, ..(vi) 
where C, (€ C) is the parameter of integration. 


The required solutions of (ia) — (ib) are then obtained by solving the algebraic equations (iv) 
and (vi). 


6. SOME SPECIAL CASES 


Two examples are cited below where the degree of the corresponding polynomial equation 
(3.1) is less than n. 


Example 2: Ty TX, t=, — Da) 
(te R) 

2x, + 2x, gx t 2x, cd ...(ib) 

Here (3.1) becomes 8k = 0 : its degree = 1 « 2 (= n). (Hi) 


Using k = 0 in the corresponding (2.6) one gets -7. + 22, = 0 
Taking A, = 2, A, = 1, one finds that 2.(ia) + (ib) gives 


4x’, + Ax, = 
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x, +X = ge + Ci, (C, : real parameter). ...(iii) 


Notably, the other algebraic equation is obtained by subtracting 2.(ia) from (ib) as 

4x, — 4x, = t. (iv) 
(iii) and (iv) determine the required solutions of (ia) — (ib). 
Example 3 : x, +x, + 3x, + x, = el, 


...(1a) 


R 
| (HER) (ib) 


Litr tx Tt 
In this case the ‘determinant in (3.1) becomes 


Ee LI l-k 


z40. 
l-k -l-k 2 -l-k 


This implies that two linear algebraic equations in x,, x, can be obtained from (ia), (ib) without 


integration. In fact, subtracting (ib) from (ia) one gets 
2x, b 2x, = el zt .. (Hi) 


Eliminating one of x,, x,, say x, from (ii) and one of (ia), (ib), say (ib), one obtains 


ഗ്‌ 


x * aa -1-2x) tafe -t-2x)2 t 


o മുടി. - (iii) 
(11) and (iii) determine the required solution of (ia) — (ib), which does not contain any parameter 


of integration, as no integration has been performed. 


7. REMARKS 


The metliod presented here of solving a system of n linear first-order ordinary differential 


equations in n unknowns comprises only four extremely simple steps (vide $4). The algorithm 


58 J. DAS (NEE CHAUDHURI) 


also indicates the number of linear algebraic equations, derivable from the given system of 


ordinary differential equations without integration. 


The extension of the method described above to systems of linear first-order ordinary 


differential equations with variable coefficients will be presented in a subsequent paper. 
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FIXED POINT THEOREM IN HILBERT SPACE FOR 
THREE MAPPING 


Jyoti NEMA AND K. QURESHI 


ABSTRACT : We find unique common random fixed point theorem using contractive condition for 
three continuous random operators defined on separable Hilbert space. 


Key words : Separable Hilbert Space, random operator, fixed point. 
Mathematics Subject Classification. 54H25, 471110. 


1. INTRODUCTION AND PRELIMINARY NOTES 


In this paper, we construct a sequence of measurable functions and consider its convergence 
to the common unique random fixed point of three continuous random operators defined on 
a non-empty closed subset of a separable Hilbert space. Some of the recent literatures in random 
fixed point may be noted in [l, 2, 3, 4, 5]. 


In this paper, (Q, X) denotes a measurable space, H stands for a separable Hilbert space, 
and C is a nonempty subset of H. A function f : Q — C is said to be measurable if 
f (B ^ C) € X for every Borel subset B of H A function F : Q x C — C is said to be 
a random operator if F(., x) : Q — C is measurable for every x € C. A measurable function 
g:Q 9 C is said to be a random fixed point of the random operator F : Q x C > C if 
F(t, oam = g(t) for all t € Q. A random operator F : Q x C — C is to be continuous if 
for fixed t € Q, F(t, .): C — C is continuous. 


Theorem. Let C be a non-empty closed subset of a separable Hilbert space H Let 4, B and 
T be three continuous random operators defined on C such that for te Q, A(t, .), BC, .), 
T(t, A: C — C satisfy condition 

G ACH) o BE) c TH), 

(ii) AT = TA, BT = TB, 
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Ty = Ax By - Tx? | 


iii) || 4x — By|P « 7 3 
ins ray 





aeiou 


+ bil Ty - Ax |P deet +|4x- Bf 


+ ¢[|| Ty — Ax |? + || By — Tx |] for all x, y € C and, 
where a, b, c, d> 0, 2a + b + 4c < 1. Then A, B and T have unique common random 


fixed point. 


Proof: Let the function gy : 2 — C be arbitrary measurable function. By (i) there exist 
9, : Q > C such that T(t, H(t) = A(t Gg for t € Q and for this function g) : Q > 
C, we can choose another function g, : Q — C such that T(t, ൧൧) = BU, ou forte 


Q and so on. Inductively we can define 
Tt, Dons) = AG go), 
and 
T(, go) = BO ga) (1) 
for te Q and n = 0, 1, 2, 3, .. 
for condition (ii) we have for t € Q 


IT കപ) - TO, Dono) I? = VAG Don) — BE Gom O) IP 


x T(t, Gan) A, Fa | BC gos (0) - T(t, Pon) 
| AG, Gan) - Tt. go] +] 26 mo) 7 T( ms COD. 


+ BYTE, Poni) - A o, 0)? 


| A, Gon) - T(E, oo, |. + |B Pane) - T(E, IanO. 


| BC. Panes) - TG. go, DN +] A.) 7 TU 9 OT 
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+e [TM gel — 40 കഥ + IBD gëf — TG, കഥാ], 


Al Pram (H) T(t, Dar D| | T(t, Pama) - T(t, Dar 0) el 


[TCE ot T(t, 91,0) f + 17% (t, EE Pana y 





+ BITC മഗ) = TG, e, O2 


Int, au Te, IN +T E Gora) = TE Gar OF 
T(t, Ioma) - TE, gl +T Pane) - TG. gf 


+ cT, Gama — TG, Gama OE + WMG GarO) — മഥ Pr 
= (1- 2c) WT Gon) മ്ഥ മഗ S ATE, GarO) TE o, OY? 
> |£ മഗ — T(t, GaN? S d^as HE Dar) — Kr, I, (OP 


ITH മഗ) - TG Gom ON S KG Gulf - TH PDI (2) 





Where ae j =k <l, since c « 1. 


1-2c 


Similarly Dt, gt - T€, GA = WAG GD) - BC Dr O 


hl EE TN Ee sl, 


| AC, go, 0) - Tt Don- ONI +|B( മപ) - T(t, Gon o 





+ DIT, Dp) — A GA 








[AG mt) - T(t, go Jan, Jan) ~ Tt, Irn) f 
let, Fan) TE, e, || + (A(t Gaul) — TG. Ion- (o 


"Wa elt, Dni) - AG POP + BG മപ) - TG, PAOD 


e 
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പമ്പര നകം IPC os) സക. | 


o [NEE Iar) 7 T( gan + [T6 Ial) - T6 gon) 





+ 420 Dani) TU, 9, OP 





T(t. IanO) - T(t- Ga HITE Fn) = T(t. Gar 
T(t, IanO- TE, ID Air - T(t gar 
+ NRE Dna) = TU, കപ“ II, In) - Tt, DOP, 

3 (b = b= Zeil, Self -TE DO 


< (b + 2c) ID, Foy) - TE gap ONP 
2 _b+2c ` 2 
> TG Gil - TH g,,Q0) € (1- 5-26) IT, കപ്പ) — TG. PADI 
STG Doni) - TG, മഗ S ൧7൧ കപ്പ) - TH FD ...(3) 
l 
where (xj =k, < l, Since 1 +b + 4c « 1. 


The inequality (2) and (3) jointly imply that 

IT, PD) — TG, മഗ S ATG കുന) — Tt, കൃ, 
where k = max{k,, k} < 1 

> ഗ്ഗ 9,090) - TG, ൧.൧ S PTE, മഗ - TG. gl 
for all n = 1, 2, ... 


Now we shall prove that t € Q, T(t, ൧,(൧) is a Cauchy sequence for this every positive 


integer p we have 


ITE 9,2) - Tt, g,. 
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= TE AD) - T, g,40) + TE g, 0) 7 ... * TE, Grip 40) - Tt, Grp) 


63 


SIT ൭൧) — TC, കപി + TG, ga Q0) - മ്ഥ Fa ss ITO, g, 10 


= T(t, Gap 


EP EP ess + kM PIT, am — TG, gy Cl 
SD SES ue es + #1] TG, ൭൭ — TH gy) 
s Im HD) - TG, മഗ). 


This implies 70 മൃഗ) — TE, g, mo > 0asn- e forte Q 


(4) 


4 equation (4), is a Cauchy sequence and hence is convergent in closed subset C of Hilbert space 


Ju there exist g(t) such that 
Tt, 9,0) > KD, 
A(t, ൭൧) > GO, 
20, 90) > KÀ, 
from (i). Since 4, B and T are continuous operators and AT = TA and BT = TB. 
40 TG, g,(0)) + 4൧ KO) 
B(, Tt, 9,0) > BG, XO) 
TQ, ACC IOD > Te KD) 
TG, Be, ൭൧) > TG, XO) 
Therefore from (i) A(t, oam = Tt, om = Blt gO) for t € Q, 
Existence of random fixed point: Consider for te Q 


Ia, AD) - HOP = WAG GO) - B( കര + BO Gand) - HOP 


...(5) 
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s UJA, om - 20 ol + 2120 Poni) - HOP? 


T(t Gamal) Af IOP [Ble ed. 2i ert 
$74 Ale, IO) - Te. Iams) +] Bl gant) - Te Fon) 








+ ZTE, ga 0) — A(t, P OO + +A IO) - T(t, Iam 


Jat.) -2taf Bl ona) - T(t, Ban O | 
2 
+ Zelt, Pm) — AC, KOMP + BE e, - Tt, of 
+ 2|[B(t, Dan) - 2017 when n — ee 
KO- A(t, 90) [at - aal 
La 9(0) - gf +90 - af 





ale ge) - Aber Jas - e 


320 go - ഗെ I -ale gof + 4.20) - oof 


+ 2c[llg - AG GOP? + llo (0 - Att, gP + Ale — gO. 
This implies (1 — 2a - 4214൧ (0) - gP < 0. 
= A(t, J) = gÀ for alte Q. ^w 
Së RN 
Similarly B(& oun = eu = Tit, en for all t EQ. 


This implies g : Q > C is a common random fixed point of 4, B and T. 


2. UNIQUENESS 
Let h : Q — C be another random fixed point common to 4, B and T that is, for te &, 
A(t, Ou > KC, BE, hE) > KA) 
T(t, ht) > ht), 
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Then for t e Q, 


lg@ — HO? = lu, g) - BG RP 


T(t h(r)) - A(t g(t) Ce 2(/.2(0))- T (t, gt) 
eu | A(t, g(t) - TER + (എ) - T(t, h(t) [ 
A(t, g(t) -T(t eil +| B(A) - T(e, h(t) 
+ ITE, AO) - AQ, KO- |2(0)-- gof «|4t.20)- T 


+ lt, bon - AG GOP + BO AO) - Tt, ൧൧] 
=> (1 — a — 2c) len — HO? < 0. This implies g(t) = h(t), for all te Q, 


Hence g : Q — C is a unique common fixed point in 4, B and T. 
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ON SOME FORMS OF (1, 2)*-CONTINUITY 
IN BITOPOLOGICAL SPACES 


TAKASHI NOIRI ചന VALERIU POPA 


ABSTRACT : Tre notions of (1,2)*-semi-continuity [43], (1, 2)*-precontinuity [3] and (1, 2)*- 
a-continuity [3] between bitopological spaces are studied. We deduce the study of (1, 2)*-continuity 
forms between bitop>logical spaces to the study of M-continuity between m-spaces and obtain unified 
properties of these continuity by using the results established in [33] and [40]. 


Key words : Key words and phrases: m-structure, m-space. mg-closed, M-continuity, (1, 2)*- 
semi-continuity, bitopological spacc. 
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1. INTRODUCTION 


Semi-open sets, preopen sets, (-open sets and Bopen sets play an important role in the 
researches of generalizations of continuity in topological spaces and bitopological spaces. The 
notions of quasi-open sets [14], [46] or 1, 2-open sets [44] in bitopological spaces are in troduced 
and studied. The nccions of t; ,-open sets and T} ,-continuity, (1, 2)*-semi-open sets and (1,2)*- 
semi-continuity, (1. 2)*-preopen sets and (1, 2)*-precontinuity, (1, 2)*-a-sets and (1, 2)*-a- 
continuity are intrcduced and studied in [45], [46], [43] and [14]. 


In [40] and 41], the present authors introduced and studied the notions of minimal 


structures, m-space., m-continuity and M-continuity. 


The concept. >f generalized closed sets in topological spaces was introduced by Levine 
[20]. The notion of g-continuity is introduced and studied in [30], [7], [8] and other papers. 
Noiri [33] introduced the notion of mg-closed sets. Recently, in [11], [35], [37], the authors 
reduced the study cf some continuity forms between bitopological spaces to the study of m- 


continuity and M-continuity between m-spaces. 
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In the present paper, we deduce the study of (1, 2)*-continuity forms between bitopological 
spaces to the study of M-continuity between m-spaces by generalizing some results established 
in [45], [44], [43] and [38]. 


2. PRELIMINARIES 


Let (X, ൬ be a topological space and 4 a subset of X. The closure of 4 and the interior of 
A are denoted by CI(A) and Int(A), respectively. 


Definition 2.1 Let (X, ൬ be a topological space. A subset A of X is said to be semi-open [19] 
(resp. preopen [25], a-open [31], B-open [1] or semi-preopen [4]) if A C CI(Int(4)) (resp. A 
C Int(CI(4)) A c Int(Cl(Int(4)), A c CI(Int(CI(A))). 

The family of all semi-open (resp. preopen, a-open, Bopen) sets in (X, t) is denoted 


by SO(X) (resp. PO(X), o(X), B(X) or SPO(X)). 


Definition 2.2 The complement of a semi-open (resp. preopen. a-open, B-open) set is said 


to be semi-closed [12] (resp. preclosed [25], O-closed [26], semi-preclosed [4]). 


Definition 2.3 The intersection of all semi-closed (resp. preclosed, a-closed, B-closed) sets 
of X containing 4 is called the semi-closure [12] (resp. preclosure [15], O-closure [26], semi- 
preclosure [4]) of A and is denoted by sC(4) (resp. pCl(4), ACA), spCI(A)). 


Definition 2.4 The union of all semi-open (resp. preopen, &-open, B-open) sets of X contained 
in 4 is called the semi-interior (resp. preinterior, o-interior, semi-preinterior) of A and is denoted 
by sInt(4) (resp. pInt(A4), œlnt(4), spint(4)). 


Throughout the present paper, (X, ൬ and (¥ oi denote topological spaces and 
(X, t, യ) and (Y, ൬, 65) denote bitopological spaces. 
3. MINIMAL STRUCTURES 


Definition 3.1 A subfamily m, of the power set P(X) of a nonempty set X is called a minimal 
structure (briefly m-structure) on X [40], [41] if à € my and X € my. 


By (X, mx), we denote a nonempty subset X with a minimal structure my on X and call 
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it an m-space. Each member of my is said to be my-open (briefly m-open) and the complement 


of an my-open set is said to be my-closed (briefly m-closed). 


Remark 3.1 Let (X, ൬ be a topological space. Then the families x, SO(X), PO(X), a(X), DO) 
and SPO(X) are all m-structures on X. 


Definition 3.2 Let X be a nonempty set and my an m-structure on X. For a subset 4 of X, 
the my-closure of A and the my-interior of A are defined in [24] as follows: 
(1) mC(4) = NMF:ACEX\Fe my, 
(2) mint(4) = U{U: UC A, Ue my}. 
Remark 3.2 Let (X, T) be a topological space and 4 a subset of X. If my = t (resp. SO(X), 
PO(X) oU), B(X), SPO(X)), then we have 
(1) mCI(4) = CA) (resp. sCI(4), pCI(4), ACA), gCI(A), spCI(A)), 
(2) mint(4) = Int(4) (resp. sInt(4), ന്മ, alnt(4), BInt(4), splnt(A)). 
Lemma 3.1 (Maki et al, DAD Let X be a nonempty set and my an m-structure on X. For 
l subsets A and B of X, the following properties hold: 
(1) mCI(X X 4) = X X mint(A) and mlnt(X \ A) = X \ mCK(A), 
(2) If (X\ A) € my then mCI(A) = A and if A € my, then mlnt(A) = A, 
(3) mCl(Q0) 9. mCI(X) = X, mInt(0) = 0 and mint(X) = X, 
(4) If A c B, then mCl(4) C mCI(B) and mlnt(4) C mlInt(B), 
(5) 4 c mCI(4) and mint(A) C 4, 
(6) mCl(mCl(4)) = mCI(A) and mint(mInt(A)) = mint(A). 


Lemma 3.2 (Popa and Noiri [40]) Let (X, my) be an m-space and A a subset of X. Then x 
€ mCI(4) if and only if U r^ A + Q for every UE my containing x. 


' Definition 3.3 An m-structure my on a nonempty set X is said to have property B [24] if the 


union of any family of subsets belonging to my belongs to my. 
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Remark 3.3 Let (X, t) be a topological space. Then the families t, SO(X), PO(X), a(X), B(X) 
and SPO(X) have property B. 


Lemma 3.3 (Popa and Noiri [42]) Let X be a nonempty set and my an m-structure on X having 
property B. For a subset A of X, the following properties hold: 

(1) A € m, if and only if mInt(A) = 4, 

(2) 4 is my-closed if and only if mC(4) = 4, 

(2) mint(4) € my and mCI(4) is my-ciosed. 
Definition 3.4 A subset 4 of a bitopological space (X, T,, ൬) is said to be quasi open [14], 
[46] or t,t,-open [43] if A = B U C, where B € 7, and C € ൬. The complement of a Tity- ` 


open set is said to be 7, t,-closed. 1,v,-open and T,7,-closed are simply denoted by t, -open 


and T, ,-closed, respectively. 


In the following, the collection of all 1; ,-open sets of X is denoted by 1, 20(4). For 
a subset 4 of X, the t,7,-closure t,t,Cl(4) (simply T, ,CI(4)) of A and the T,T,-interior 7,7; 
Int(A) (simply 7, 2int(4)) of 4 are defined as follows: 


( ACA) = OF: AC E XVF € ൭൧00). 


(2) *ulnt(4) = U{U: UC A, U € ൭൧൧0). 


Definition 3.5 A subset 4 of a bitopological space (X, T}, ൬) is said to be 
x5 (1, 2)*-semi-open [43], [44] if A C t Clt Int(4)), 
മ (1, 2)*-preopen [43], [44] if A C 1,t,Int(t,t,CI(A)), 
(3) (1, 2)*-a-open [43], [44] if A C TInt, c, Cl(1, v, Int(4))), 
(4) (1, 2)*-semi-preopen if A C ty Cl(x, cInt(r; t, CI(A))). 


The complement of a (1, 2)*-semi-open (resp. (1, 2)*-preopen, (J, 2)*-a-open, (1, 2)*- 
semi-preopen) set is said to be (1, 2)*-semi-closed (resp. (1, 2)*-preclosed, (1, 2)*-a-closed, 


(1, 2)*-semi-preclosed). 
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The family of all (1, 2)*-semi-open (resp. (1, 2)*-preopen, (1, 2)*-a-open, (1, 2)*-semi- 
preopen) sets is denoted by (1, 2)*SO(X) (resp. (1, 2)*PO(X), (1, 2)*a(X), (1, 2*SPO(X)) 


Remark 3.4 Let (X, 1,, ൬) be a bitopological space and A a subset of X. 


(1) The families T, ,O(X), (1, 2)*SO(X), (1, 2)*PO(A), (1, 2)*a(X), and (1, 2)*SPO(X) 
are all m-structures with property B. 


(2) In the following, we denote by m(t,, ൬) (briefly m, 2) each member of the above 
five families and call it an m-structure determinded by 7, and T}. Let m(t,, ൬) = 1, O(X) 
(resp. (1, 2)*SO(X), (1, 2)*PO(X), (1, 2)*a(X), (1, 2)*SPO(X)), then we have (i) m, ,CI(4) 
= "i; Cl(4) (resp. (1. 2)*sCI(4), (1, 250, (1.2)*aCK(A), (1, 2)*spCI(A)), (ii) m, Int(4) 
= ^, t;Int(4) (resp. (1,2)*sInt(4), (1, 2)*pInt(A), (1, 2)*alnt(A), (1, 2)*spInt(A)). 


(3) Since each onc of m(t,, T,) has property B, by Lemma 3.3 we have 
(i) A is m(t,, t,)-closed if and only if m, ;,Cl(4) = 4, 
(it) 4 is m(t,, T,)-open if and only if m,,Int(4) = 4 
for m(t,, യ) = 1 jO(X) (resp. (1, 2)*SO(X), (1, 2)*PO(X), (1,2)*a(X), (1, 2)*SPO(X)). 
(4) By Lemma 3.2, we obtain the result established in Proposition 2.2(ii) of [46] 


(5) By Lemma 3.1, we obtain the relations between m, ൧൧൪ and m, BON 


4. mg-CLOSED SETS IN BITOPOLOGICAL SPACES 
Definition 4.1 Let (X, t) be a topological space. A subset 4 of X is said to be 
(1) g-closed [20] if Cl(4) C U whenever 4 C U and Uer 
(2) ga-closed [23] if aCl(4) C U whenever A c U and Ue a(X), 
(3) sg-closed [6] if sCI(4) C U whenever 4 C U and Ue SO(X), 
(4) pg-closed [34] if pCl(4) C U whenever A C U and Ue PO(X), 


(5) spg-closed [33] if spCI(4) C U whenever 4 c U and Ue SPO(X). 
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Definition 4.2 Let (X, mx) be an m-space. A subset 4 of X is said to be mg-closed [33] if 
mCI(4) C U whenever A c U and UC my. 


The complement of an mg-closed set of X is said to be mg-open. The collection of all 


mg-open sets is a minimal structure and is denoted by mCO(X). 


Remark 4.1 Let (X, ൬ be a topological space and my an m-structure on X. If my ൪ (resp. 
SO(X), PO(X), AX), SPO(X)), then, an mg-closed set is a g-closed (resp. sg-closed, p g-closed, 
go-closed, spg-closed) sct. 
Definition 4.3 Let (X, T,, ൬) be a bitopological space. A subset 4 of X is said to be 
(1) (1, 2)*g-closed [45] if T; 4CK4) c U whenever 4 C U and U c 1, ,0(X), 
(2) (1, 2)* sg-closed [44] if (1, 2)*sCl(4) C U whenever A c U and Ue (1, 2)*SO(X), 
(3) (1, 2)*ga-closed if (1, 2)*aCl(4) C U whenever 4 c U and UE (1,2)*a(X), 
(4) (1,2)*pg-closed if (1, 2)*pCI(4) C U whenever 4 C U and UE (1, 2)*PO(X), 
(5) (1.2)*spg-closed if (1, 2)*spCI(4) C U whenever 4 C U and Ue (1, 2)*SPO(X). 
Definition 4.4 Let (X, 1,, ൬) be a bitopological space and m(t,, 15) a minimal structure on 


2 determained by t, and t,. A subset 4 of X is said to be m(t}, T,)g-closed (briefly m; oF 
closed) if A is mg-closed in the m-space (X, m(t,, ൬). 


A subset 4 of (X, T,, ൬) is said to be m(T,, t;)g-open (breafly m, ag-open) if X\ A 


is m(T,, t,)g-closed. 


Remark 4.2 Let (X, Ty, t,) be a bitopological space. 

(1) If ത്യ = 1, ,O(X) (resp. (1, 2)*SO(A), (1, 2)*POCA), (1, 2)*a(X), (1, 2)*SPO(A)), 
then an m(t,, t;)g-closed set is (1, 2)* g-closed (resp. (1, 2)*sg-closed, (1, 2)*pg-closed, 
(1, 2)* ga-closed, (1, 2)*spg-closed). 


(2) If m(1,, T3) = T; ,O(XX(resp. (1, 2)*SO(X), (1, 2)*PO(X), (1, 2)*a(4), (1, 2)*SPO(AD), 
then the collection of all (1, 2)* g-open (resp. (1, 2)*sg-open, (1, 2)*pg-open, (1, 2)* ga-open, 
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(1,2)*spg-open) sets is denoted by 1,,GO(X) (resp. (1, 2)*SGO(X), (1, 2)*PGO(X), 
(1, 2)*Ga(X), (1, 2)*SPGO(X)). 


(3) The collections 1; GO(X), (1, 2)*SGO(X), (1, 2)*PGO(X), (1, 2)*Ga(X), 
(1, 2)*SPGO(X) are minimal structures on X. However, they do not satisfy property B, in general, 
by Example 2.2 of [44]. 


Lemma 4.1 (Noiri [33]). Let (X, mx) be an m-space. For subsets A and B of X, the .following 
properties hold: 

(1) if A is my-closed, then A is mg-closed, 

(2) if my has property B and A is mg-closed and my-open, then A is my-closed, 

(3) if A is mg-closed and A C B C mCl(4), then B is mg-closed. 
Theorem 4.1 Let (X, തം ൬) be a bitopological space and m(t,, t») a minimal structure on 
X determined by t, and t,. For subsets A and B of X, the following properties hold 

(1) if A is m, 5-closed, then A is m, ,g-closed, 

(2) if A is m, ,g-closed and m, ;-open, then A is m, closed, 

(3) if A is m, 5g-closed andA CBC m 4CK(4), then B is m, ,g-closed 
Proof. The proof follows from Definition 4.4 and Lemma 4.1. 
Corollary 4.1 Let (X, 1,, ൬) be a bitopological space and m(T,, ൬) = (1, 2)*SO(X) For subsets 
A and B of X, the following properties hold: ` 

(1) if A is (1, 2)*s-closed, then A is (1, 2)*sg-closed, 

(2) if A is (1, 2)*sg-closed and (1, 2)*-semi-open, then A is (1, 2)*s-closed, 

(3) ifA is (1, 2)*sg-closed and A C B c (1, 2)*sCI(A), then B is (1, 2)*sg-closed (Theorem 
3.2 of [44]). 


Lemma 4.2 (Noiri [33]). Let (X, my) be an m-space, then for each x € X, either (x) is my 
closed or (x) is mg-open. 
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Theorem 4.2 Let (X, Ty, ൬) be a bitopological space and m(t,, ൬) a minimal structure 
on X determined by t, and T, Then for each x € X, either {x} is m, -closed or {x} is 


m, 4g-open. 


Corollary 4.2 (Ravi and Thivagar [44]). Let (X, 1,, ൬) be a bitopological space. For each 


x € X, either {x} is (1, 2)*-semi-closed or {x} is (1, 2)*sg-open. 


Lemma 4.3 4 subset A of X is mg-open if and only if F C mlnt(4) whenever F C A and 
F is my-closed. 


Theorem 4.3 Let (X, t,, ൬) be a bitopological space and m(1,, ൬) a minimal structure on 
X determined by x, and T,. A subset A of X is m, g-open if and only if F C m, ,Int(4) whenever 
F C A and F is m, ,-closed. 


Proof. The proof follows from Definition 4.4 and Lemma 4.3. 


Corollary 4.3 (Ravi and Thivagar [44]). Let (X, ൪, ൬) be a bitopological space. A subset 
A of X is (1,2)*sg-open if and only if F C (1,2)*sInt(4) whenever F is (1,2)*-semi-closed and 
F c A. 


Lemma 4.4 (Noiri (331). For subsets A and B of an m-space (X, Mx), the following properties 
hold: ZEE l 

(1) if A is m-open, then A is mg-open, 

(2) if my has property B and A is mg-open and m-closed, then A is m-open, 

(3) if A is mg-open and mlnt(4) C B C A, then B is mg-open. 
Theorem 4.4 Let (X, Ty, ൬) be a bitopological space and m(1,, ൬) a minimal structure on 
X determined by t, and v,. For subsets A and B of X, the following properties hold: 

(1) if A is m, y-open, het A is m, g-open, 

(2) A is m; ,gropen and m, ,-closed, then A is m, -open, 


(3) if A is m, ,gropen and m, Jnt(4) C B C A, then B is m, ,g-open. 
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Proof. The proof folkvws from Definition 4.4 and Lemma 4.4. 
Corollary 4.4 (Ravi and Thivagar [44]). Let (X, t, ൬) be a bitopological space. For subsets 
A and B of X, the following properties hold: 

(1) if A is (1, 2)*-semi-open, then A is (1,2)*sg-open, 

(2) A is (1, 2)*sg-open and (1, 2)*-semi-closed, then A is (1, 2)*-semi-open, 

(3) if A is (1, 2)*sg-open and (1, 2)*sInt(4) c B C 4, then B is (1, 2)*sg-open 
Lemma 4.5 (Noiri [33]). Let (X, my) be an m-space and my have property B Then, for a 
subset A of X, the following properties are equivalent: 

(1) 4 is mg-closed; 

(2) mCI(A) \ A does not contain, any nonempty m-closed set; 

(3) mCI(A) \ A is mg-open. 

Theorem 4.5 Let (X, T,, ൬) be a bitopological space and m(t,, ൬) a minimal structure on 
X determined by t, and നു. For subset A of X, the following properties are equivalent: 

(1) A is m, ,g-closed, 

(2) m, CK4) \ A does not contain any nonempty m, 2-closed set; 

(3) m, 2CI(A) \ A is m, ,g-open. 
Proof. The proof follows from Definition 4.4 and Lemma 4.5. 
Corollary 4.5 (Ravi and Thivagar [44]). Let (X, *,, ൬) be a bitopological space. For subset 
A of X, the following properties are equivalent: 

(1) A is (1, 2)*sg-closed; 

(2) (1, 2)*sCI(A) \ A does not contain any nonempty (1, 2)*-semi-closed set; 


(3) (1, 2)*sCI(A) V 4 is (l, 2)*sg-open. 
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Lemma 4.6 (Noiri [33]). Let (X, my) be an m-space. A subset A of X is mg-closed if and 
only if mCI(A) Nn F = @ whenever ANA F= 9 and F is m-closed. 


Theorem 4.6 Let (X, Ty, t;) be a bitopological space and m(t,, ൬) a minimal structure on 
X determined by t, and %,. A subset A of X is m, 2¢ closed if and only if m,4CK4) ^ F = 


Q whenever A c F = Q and F is m, y-closed. 
Proof. The proof follows from Definition 4.4 and Lemma 4.6. 


Corollary 4.6 Let (X, Ti, ൬) be a bitopological space. For subset A of X is (1, 2)*sg-closed 
if and only if (1, 2)*sCl(A) ^ F = @ whenever A r^ F = Q and F is (1, 2)*-semi-closed 


Lemma 4.7 Let (X, my) be an m-space, where my has property B. A subset A of X is mg- 
closed if and only if mCl((x)) ^ A * @ for each x € mCI(A). 


Theorem 4.7 Let (X, t,, ൬) be a bitopological space and m(1,, ൬) a minimal, structure on 
X determined by t, and ൬. A subset A of X is m, ,g-closed if and only if m, ,CI({x}) ^ A 
+ Q for every x € m; ,CI(4). 


Corollary 4.7 Let (X, T,, ൬) be a bitopological space. A subset A of X is (1, 2)*sg-closed 
if and only if (1, 2)*sCl((x]) A A * @ for every x € (1, 2)*sCI(A). 


Definition 4.5 A subset 4 of an m-space (X, my) is said to be locally m-closed if A= UN 


F, where U € my and F is m,-closed. 


Remark 4.3 Let (X, 1) be a topological space. If my = t (resp. SO(X), PO(X), a(X), SPO(X)), 
then a locally m-closed set is said to be locally closed [16] (resp. semi-locally closed [47], 
locally pre-closed [33], a-locally closed [17], B-locally closed [18]). 


Lemma 4.8 (Noiri [33]), Let (X, my) be an m-space and m, have property B. For a subset 
A of X, the following properties are equivalent: 

(1) 4 is locally m-closed; 

(2) A = Un mCI(A) for some UE my; 
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(3) mCI(A) V 4 is my-closed; 
(4) A o (XV mCI(4) e my; 
(5) 4 C mind U (X \ mCI(A))). 
Definition 4.6 Let (X, T,, ൬) be a bitopological space and m(t,, t,) a minimal structure on 


X determained by v, and t,. A subset 4 of X is said to be locally m(t,, t,)-closed (briefly 


locally m, 2-closed) if A is locally m-closed in the m-space (X, m(t,, T,)). 
Hence, 4 is locally m(t,, t)}closed if A = F A U, where Ue m(t,, ൬) and F is 


m(1,, t5)-closed. 


Remark 4.4 Let (X, 1,, ൬) be a bitopological space and m(t,, ൬) = Ty 2000 (resp. (1, 2)*SO(X), 
(1, 2)*PO(X), (1, 2)*a(X), (1, 2)*SPO(X)). If a subset 4 of X is locally m(t,, T,)-closed, then 
A is (1, 2)*-locally closed (resp. (1, 2)*-locally semi-closed, (1, 2)*-locally preclosed, (1, 2)*- 


locally a-closed, (1, 2)*-locally semi-preclosed). 
Theorem 4.8 Let (X, T,, ൬) be a bitopological space and m(t,, t) a minimal structure on 
X determined by t, and v,. For a subset A of X, the following properties are equivalent: 
(1) 4 is locally m(t,, t,)-closed, 
(2) 4 = Un m C4) for some U € m(v, v) 
(3) m,,CK4) | 4 is m, -closed; 
(4) 4 U (X Vm CHA) e mr, യഃ 


(5) 4 C m AtA V (X X mj CI(4)). 
Proof. The proof follows from Definition 4.6 and Lenima 4.8. 


Corollary 4.8 Let (X, rtl be a bitopological space. For a subset A of X, the following 
properties are equwalent: 
(1) A is (1, 2)*-locally semi-closed; 


(2) A — U n (1, 2)*sCl(4) for some Ue (1, 2)*SOCX); 
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(3) (1. 2)*sCI(A) \ A is (1, 2)*-semi-closed; 
(4) AU (X V (1, 2)*sCl(A4)) € (1, 2)*S0(X); 
(5) A c (1, 2)*slnt(4 v (X\ (1, 2)*sCI(4)). 


Lemma 4.9 (Noiri [33]). Let (X, my) be an m-space and my have property B. Then a subset 
A of X is my-closed if and only if A is mg-closed and locally m-closed. 


Theorem 4.9 Let (X, t,, ൬) be a bitopological space and m(t,, ൬) a minimal structure on 
X determined by t, and t,. Then a subset A of X is m(t,, T,)-closed if and only if A is mg, 2 
closed and locally m(t,, T,)-closed. 


Proof. The proof follows from Definitions 4.5, 4.6 and Lemma 4.9. 


Corollary 4.9 Let (X, Ti, t) be a hitopological space and A a subset of X. Then, 

(1) A is T; ,-closed if and only if it is t, 2g-closed and (1, 2)*-locally closed, 

(2) A is (1, 2)*-semi-closed if and only if it is (1, 2)*sg-closed and (1, 2)*-locally semi- 
closed, 

. (3) A is (1, 2)*-preclosed if and only if it is (1, 2)*-pg-closed and (1, 2)*-locally 

preclosed, 

(4) A is (1, 2)*a-closed if and only if it is (1, 2)* ga-closed and (1, 2)*-locally 
a-closed, 


(5) A is (1, 2)*-semi-preclosed if and only if it is (1, 2)*-spg-closed and (1, 2)*-locally 


semi-preclosed. 


5. M-CONTINUITY 


Definition 5.1 Let (X, my) and (¥ my) be nonempty sets X and Y with minimal structures 
my and my, respectively. a function f: (X, my) > (X; my) is said to be M-continuous at a 
point x € X [40] if for each x € X and each V € my containing fx), there exists U € my 
containing x such that AU) C V. The function fis said to be M-continuous if it has this property 
at each point x € X. 
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Remark 5.1 Let f : (X, t) — (Y, ന be a function. 


(1) If my = t (resp. SO(X), POX), aX), SPO(X)), my = o and f: (X, my) > (Y, my) 
is M-continuous, then f is continuous (resp. semi-continuous [19], precontinuous [25], 


a-continuous [26], semi-precontinuous [4] or B-continuous DI. 


(2) If my = SO(X) (resp. POX), aX), SPO(X)) and m, = SO(Y) (resp. PO(Y), oY), 
SPO(Y)), and f: (X, my) —> (Y, my) is M-continuous, then fis irresolute [13] (resp. preirresolute 
[27], a-irresolute [21], B-irresolute [28]). 


(3) If my =T, my SO(CY) (resp. a(Y), B(Y)), and f: (X, my) > (Y, my) is M-continuous, 
then f is s-continuous [9] (resp. strongly o-irresolute [21], strongly B-irresolute [32]). 


(4) If my = SO(X), my = a(Y), and f : (X, my) > (¥ my) is M-continuous, then f is 
strongly semi-continuous [37]. 
Theorem 5.1 (Noiri and Popa [37]). For a function f : (X, my) > (Y, my), the following 
properties are equivalent: 

(1) fis M-continuous at x € X; 

(2) x € mlnt(£-(V)) for every V € my containing f(x); 

(3) x € f" (mCI((A))) for every subset A of X with x € mCI(A); 

(4) x € f'(mCI(B)) for every subset B of Y with x € mCWf (B); 

(5) x € mint(f!(B)) for every subset B of Y with x € f !(mlnt(B)); 

(6) x € fK) for every my-closed set K of Y such that x € mCl(f!(K)). 

For ü function f : (X, my) > (X my), we define D,f) as follows: 

Diff) = {x € X : f is not M-continuous at x}. 


Theorem 5.2 (Noiri and Popa [37]). For a function f : (X, my) — (Y, my), the following 
properties hold: 


Diff) = Ugem, JCT) X mint(f(G))} 
= Linen f (Int(B)) \ mint(£ EI 
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= Ugep y, (MCB) V f (mCI(3) 
= Usep {MCA \ f! (mCI(f (4))) 
= Uges (MCR) V ZE, 
where € is the family of my-closed sets of Y. 
Theorem 5.3 (Popa and Noiri [40]). For a function f : (X, my) > (Y, my), the following 
properties are equivalent: 
(1) f is M-continuous, 
Q) FV) = mint (Y) for every Y € my; 
(3) fimCl(4)) c mci (4)) for every subset A of X; 
(4) mCI(F(B)) c f\(mCl(B)) for every subset B of Y; 
(5) f(mlInt(B)) c mlInt(f-!(B)) for every subset B of Y; 
(6) mCI(£-*(K)) = f\(K) for every my-closed set K of Y. 
Corollary 5.1 Let (X, my) be an m-space and my have property B. For a function f : (X, my) 
— (X, my), the following properties are equivalent: 
(1) f is M-continuous; 
(2) fV) € my for every V € my; | 
(3) f(F) is m-closed in (X, my) for every m-closed set F in (Y, my). 


Definition 5.2 A function f : (X, my) > (Y, my) is said to be M*-continuous [29] if f (y) 
€ my for every V € my. 


Remark 5.2 (1) If f : (X, my) — (X my) is M*-continuous, then f is M-continuous. But the 


converse is not always true as shown in Example 3.4 of [29]. 


(2) If my has property B, then M-continuity is equivalent with M*-continuity. 


Definition 5.3 A function f : (X, my) > (X my) is said to be mg-continuous if f : (X, mGO(X)) 
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-> (F, my) is M*-continuous, equivalently if f (K) is mg-closed for each m-closed set K 
of Y. 


Definition 5.4 A function f : (X, my) > (Y, my) is said to be locally mc-continuous if f (K) 


is locally m-closed for every m-closed set K of Y. 


Theorem 5.4 A function f : (X, my) > (Y, my), where my has property B, is M-continuous 


if and only if f is mg-continuous and locally mc-continuous. 
Proof. The proof follows from Definitions 5.3, 5.4 and Lemma 4.9. 


Definition 5.5 A function f : (X, my) — (Y, my) is said to be contra M-continuous if IY 


is m-closed for every m-open set V of Y. 


Theorem 5.5 If a function f : (X, my) > (X, my), where my has property D, is mg-continuous 
and contra M-continuous, then f is M-continuous. 


Proof. Let V be any m-open set of Y. Since f is mg-continuous, f (0) is mg-open. Since f 
is contra M-continuous, f^!(V) is m-closed. By Lemma 4.4 SICH) m-open. By Corollary, 5.1, 


f is M-continuous. 


6. M-CONTINUITY IN BITOPOLOGICAL SPACES 


Definition 6.1 A function f : (X, Ty, t,) (Y, ©, 0;) is said to be Tı ,-continuous, (1, 2)*- 
continuous [44] or quasi-continuous [10] (resp. (1, 2)*-semii-continuous [43], (1, 2)*- 
precontinuous [3], (1, 2)*-o-continuous [3], (1, 2)*-semi-precontinuous) if (0) is Tı ,-open 
(resp. (1, 2)*-semi-open, (1, 2)*-preopen, (1,2)*-o-open, (1,2)*-semipreopen) for every ©, 3- 
open set V of Y. 


Definition 6.2 A function f : (X, Ti, tj) — (Y, gr, 0) is said to be (1, 2)*-senn-irresolute 
[3] (resp. (1, 2)*-preirresolute, (1, 2)*-a-irresolute [3], (1, 2)*-semi-preirresolute) if f (V) is 
(1, 2)*-semi-open (resp. (1, 2)*-preopen, (1, 2)*-a-open, (1, 2)*-semipreopen) of X for every 
(1, 2)*-semi-open (resp. (1, 2)*-preopen, (1, 2)*-a-open, (1, 2)*-semipreopen) of Y. 
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Definition 6.3 A function f : (X, Ty, 1) > (Y, Gr 05), where m(t;, 15) (resp. m(o,, ൭) is 
a minimal structure determined by t, and c, (resp. ©, and 6;), is said to be M(1, 2)-continuous 
(resp. M*-continuous) if f : (X, m(t,, ക) > (Y, m(o,, 0,)) is M-continuous (resp. 


M*-continuous). 


Remark 6.1 Let f : (X, 1,, tj) > (Y, 6), 6) be a function. 


(1) If m(t,, T2) = 1, ,O(X) (resp. (1, 2)*SO(X), (1, 2)*PO(X), (1, 2)*a(X), (1, 2)*SPO(X)), 
mo, 05) = c, )O(Y) and f is M(1, 2)-continuous, then we obtain Definition 6.1. 


(2) If m(t,, t) = (1, 2)*SO(X) (resp. (1, 2)*PO(X), (1, 2)*a(X), (1, 2)*SPO(X)), 
m(O1, 65) = (1, 2)*SO(Y) (resp. (1, 2)*PO(Y), (1, 2)*a(Y), (1, 2)*SPO(Y)) and fis M(1, 2)- 


continuous, then we obtain Definition 6.2. 
By Definition 6.3, Theorem 5.3 and Corollary 5.1, we obtain the following theorem and 


corollary. 


Theorem 6.1 Let (X, T,, ൬) (resp. (Y, മും 9,)) be a bitopological space and m(t,, ൬) (resp. 
mio, 05)) be a minimal structure on X (resp. Y) determined by t, and യു (resp. ©, and 6;) 
For a function f : (X, Ti, 15) > (Y, 01, 05), the following properties are equivalent: 


(1) fis M(1, 2)-continuous; 
(2) FV) = m, ,Int(f- (V) for every m, -open set V of Y; 
(3) Am, CA) C m, ,CK((A)) for every subset A of X; 
(4) m, Beet c fon ൧൧) for every subset B of Y 
(5) f! (m, dat ën C. m, jInt(f- (B) for every subset B of Y; 
(6) m, CT EH = f (K) for every m, കല്ല്‌ set K of Y. 
Corollary 6.1 Let (X, 1,, ൬) (resp. (Y, 0,, o be a bitopological space and m(t,, ൬) (resp. 


mio, 05)) be a minimal structure on X (resp. Y) determined by t, and T, (resp. o, and ൬). 


For a function f : (X, Ty, t9) > (Y, Gr 65), the following properties are equivalent: 


(1) f is M(1, 2)-continuous; 


Q). 


(3) 
By 
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fV) € mr, ൬) for every V € m(o,, 65); 
fF) is m(t,, T,)-closed for every (൦, 05)-closed set F. 


Theorem 6.1 and Corollary 6.1, we obtain the following theorems. 


Theorem 6.2 For a function f : (X, 1,, v) > (Y, ൦, 02), the following properties are equivalent: 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 


f is (1, 2)*-semi-continuous; . 

f (V) is (1, 2)*-semi-open for each T, ;-open set V of Y; 
f1(K) is (1, 2)*-semi-closed for each ^ 2-closed set K of Y; 
(1, 2)*sCI(£! (B) c f (o, ,CI(B)) for every subset B of Y; 
Rl, 2)*sCI(4)) c (1, 2)*CI(f(A)) for every subset A of X; 


f Yo, 2int(B)) c (1, 2y*sInt(f-(B)) for every subset B of Y. 


Theorem 6.3 For a function f : (X, T1, T) > (Y, Gr, 05), the following properties are equivalent: 


(1) 
Q) 
G) 
(4) 
(5) 
(6) 
Remark 


(2) 


f is (1, 2)*-semi-irresolute; 

നട (1, 2)*SO(X) for each V e (1, 2)*SO(Y); 

fF (K) is (1, 2)*-semi-closed for each (1, 2)*-semi-closed set K of Y; 
(1, മവ) c ൫. 2)5sCI(B)) for every subset B of Y; 

FA, മട C (1, 2)*sCI((A)) for every subset A of X, 


f (1, 2)*sInt(B)) c (1, 2)*sInt(f- (By) for every subset B of Y. 


6.2 (1) By Theorem 6.2(3), we obtain Remark 2.4 of [44]. 


By Theorem 6.3(3), we obtain the result established in Theorem 4 of [3]. 


We denote Dya a = (x e X : fis not M(1, 2)-continuous}. Then by Definition 6.3 


and Theorem 5.2 we obtain the following theorem. 


"Theorem 6.4 Let (X, t,, ൬) (resp. (Y, 6), 9,)) be a bitopological space and m(%,, 5) (resp. 
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mio, 0,)) be a minimal structure on X (resp. Y) determined by t, and v, (resp. ൭ and ol 


Then, for a function f : (X, Ty, T) > (Y, 6), 6), the following equalities hold: 


Dyna) = Jegen e) AO) \ m, antf Ou) 
= Upep(n (f! (m, Ja ën \ മച്ച്‌) 


= Ugep (y Im CK IB V f! (ni CBD} 
= Viet) Un CIA) V fm CI G9) 
= Uger Uni CK UE ൦൨൧൭, 


where F is the family of m(o,, 05)-closed sets of Y. 


Definition 6.4 A function f : (X, T,, T,) — (Y, 9,. ൭) is said to be (1, 2)*- g-continuous [44] 
(resp. (1, 2)*-sg-continuous [44], (1, 2)*-pg-continuous, (1, 2)*-ag-continuous, (1, 2)*-spg- 
continuous) if the inverse image of each c, ,-closed set of Y is (1, 2)* g-closed (resp. (1, 2)*sg- 
closed, (1, 2)*pg-closed, (1, 2)* ga-closed, (1, 2)*spg-closed) in X. 


Definition 6.5 Let f: (X, Ty» 15) > (Y, 0), 65) be a function and m(t,, യ) (resp. mio, ക്ല) 
be a minimal structure determined by t, and T, (resp. o and ൭). Then the function f : 
(X, To 15) > (Y, 0,, 95) is said to be mg-continuous if f : (X, m(1,, T)) > (Y, m(o, Gil 
is mg-continuous, equivalently if f'(V) is m(T,, t))g-closed in X for each c, 200506 set 
V of Y. 


Remark 6.3 Let f : (X, Ti, t) > (Y, o, ച) be a function. If m(t,, T3) = t; ,O(X) (resp. 
(1, 2)*SO(X), (1, 2)*PO(A), (1, 2)*a(X), (1, 2)*SPO(X)), m(o,, 05) = 6, ,O(Y) and f is mg 
continuous, then by Definition 6.5 we obtain Definition 6.4. 


Definition 6.6 Let f : (X, Ty, tj) > (F, O,, Gi be a function and m(t,, t) Gase (ഠം 9) 
be a minimal structure determined by t, and ൬ (resp. 6, and 65). Then the function f : 
(X, To 1) > (Y, ©, Gy) is said to be locally mc-continuous if f : (X, m(t;, GI > 
(Y, m(6,, ൭) is locally mc-continuous, equivalently, if f (&) is locally m-closed in X for each 


m, ;-closed set K of Y. 
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Theorem 6.5 4 function f : (X, Ty, v) > (Y, o 05), where m(t,, t») (resp. mio, ൭) is 
a minimal structure determined by t, and T, (resp. 0, and ൬), is M(1, 2)-continuous if and 


only if f is mg-continuous and locally mc-continuous. 


Corollary 6.2 Let f : (X, Ty, T2) > (Y, 0), GJ be a function. Then f is 
(1) Ty ,-continuous if and only if it is (1, 2)*g-continuous and locally c-continuous, 
(2) (1, 2)*-semi-continuous if and only if it is (1, 2)*-sg-continuous and locally 
sc-continuous, 


(3) (J, 2)*-precontinuous if and only if it is (1, 2)*-pg-continuous and locally 


pc-continuous, 


(4) (1, 2)*-a-contimuous if and only if it is (1, 2)*ag-continuous and locally 
Qc-continuous, 
(5) (1, 2)*-spc-continuous if and only if it is (1, 2)*-spg-continuous and locally 


Spc-continuous. 


Definition 6.7 Let If : (X, 1,, t5) > (Y, നും 0,) be a function and m(t,, ൬) (resp. mio, ൭) 
be a minimal structure determined by t, and ൬ (resp. 0, and ൦). Then the function f : 
(X, Ty, 75) > (Y, 0, ൭) is said to be contra M(1, 2)-continuous if f : (X, m(1,, GI > 
(Y, mio, 05)) is contra M-continuous, equivalently if f (V) is m, closed in X for each 
m, ,-open set V of Y. i 


Remark 6.4 Let f : (X, 1,, T2) > (Y, 6,, 0,) be a function. If m(t,, 15) = 720%) (resp. 
(1, 2)*SO(X), (1, 2)*PO(X), (1, 2)*a(X), (1, 2)*SPO(X)), eo, 95) = 0, ;O(Y) and f is contra 
M(1, 2)-continuous, then fis contra 1, ,-continuous (resp. contra (1,2)*-semi-continuous, contra 


(1,2)*-precontinuous, contra (1,2)*-a-continuous contra (1, 2)*-semi-precontinuous). 
By Definition 6.7 and Theorem 5.5, we obtain the following theorem. 
Theorem 6.6 4 function f : (X, T,, tj) > (Y, 9,, 05), where m(t,, ൬) (resp. m(o,, ൭) is 


a minimal structure determined by t, and ^, (resp. 0, and 04), is contra M(1, 2)-continuous 


and mg-continuous, then f is M(1, 2)-continuous. 
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Corollary 6.3 Let f :(X, Ty, 1) (Y, gu ൭) be a function. Then f is 
(1) tj 2-continuous if it is (1, 2)*g-continuous and contra Tj ,-continuous, 


(2) (1, 2)*-semi-continuous if it is (1, 2)*-sg-continuous and contra (1, 2)*-semi- 
g- 


continuous, 
(3) (1,2)*-precontinuous if it is (1, 2)*-pg-continuous and contra (1, 2)*-precontinuous, 
(4) (1, 2)*-a-continuous if it is (1, 2)*-ag-continuous and contra-(1, 2)*-a-continuous, 


5) (1, 2)*-semi-precontinuous if it is (1, 2)*-spg-continuous and contra (1, 2)*-semi- 
P p 


precontinuous 


7. SOME PROPERTIES OF M-CONTINUITY FORMS IN BITOPOLOGICAL SPACES 


We can obtain some properties of (1, 2)*-continuity forms by using those of M-continuity 
established in [40]. 


Definition 7.1 An m-space (X, my) is said to be m-T, [40] if for each distinct points x, y € 
X, there exist U, V € my containing x and y, respectively, such that UN V = 9. 


Definition 7.2 Let (X, T,, ൬) be a bitopological space and m(t,, t) an m-structure on X 
determined by t, and ൬. The space (X, t,, ൬) is said to be m, al, if (X, m(t, v) is 
m-T,. 


Remark 7.1 Let (X, t,, 15) be a bitopological space and m(t,, ൬) an m-structure on X determined 
by t, and ൬. If m(t,, യ) = T,,0(X) (resp. (1, 2)*SO(X), (1, 2)*PO(A), (1, 2*a(X), . 
(1, 2)*SPO(X)) and X is my 5T, then X is ര്യ (resp. (1, 2)*-375, (1, 2)*-pT, [38], (1, 2)*- 
aT, (1, 2)*-spT,). 


Lemma 7.1 (Popa and Noiri [40]). 7f f : (X, my) — (Y, my) is an M-continuous injection and 
(X my) is m-T,, then (X, my) is m-T,. 


Theorem 7.1 Let f : (X, *,, T2) > (Y, 0), 0;) be a function, where mT 15) (resp. m(G,, ൦) 
is a minimal structure determined by 1, and T, (resp. ©, and ൦). If f is an M(1, 2)-continuous 
injection and (Y, ©}, 07) is my zT» then (X, t, T) is m T. 


ഷ്‌ ൭ 
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Proof. The proof follows from Definition 7.2 and Lemma 7.1. 


Corollary 7.1 Let f : (X, Ti, T2) > (Y, 0,, ൭) be t 2-continuous (resp. (1, 2)*-semi-continuous, 
(1, 2)*-precontinuous, (1, 2)*-a-continuous, (1, 2)*-semi-precontinuous) injection and 
(Y, 0, 65) is (1, 2)*- T5, then (X, Ti, T) is (1, 2)*-T, (resp. (1, 2)*-sT,, (1, 2)*-pT,, (1, 2)*- 
aT, (1, 2)*-spT,). 


Corollary 7.2 Iff: (X, Ti, T2) > (Y, 0,, 0) is (1, 2)*-semi-irresolute (resp. (1, 2)*-preirresolute, 
(1, 2)*-a-irresolute, (1, 2)*-semi-preirresolute) injection and (Y, 6), 6») is (1, 2)*-sT, (resp 
(1, 2)*-pT,, (1, 2)*-aT,, (1, 2)*-spT,), then (X, Ty, ൬) is (1, 2)*-sT, (resp. (1, 2)*-pT,, 
(1, 2)*-a T5, (1, 2)*-spT,). 


Definition 7.3 Let (X, my) be an m-space and K a subset of X. 


(1) K is said to be m-compact [40] if every cover of K by subsets of my has a finite 


subcover, 


(2) (X, my) is said to be m-compact [40] if every cover of X by subsets of m, has a 


finite subcover. 


Definition 7.4 Let (X, T,, ൬) be a bitopological space and m(t,, ൬) a minimal structure on 
X determined by t, and ൪. 

(1) A subset K of X is said to be (1, 2)*m-compact if K is m-compact in 
(X, mu, ൬), 


(2) (X, t, T) is said to be (1, 2)*m-compact if (X, m(v,, ൬) is m-compact. 


Remark 7.2 Let (X, T,, t») be a bitopological space and m(t,, ൬) an m-structure on X determined 
by t, and ൬. If m(t,, ൬) = 1,,0(X) (resp. (1, 2)*SO(X), (1, 2)*PO(X), (1, 2)*a(X), 
(1, 2)*SPO(X)). If X is (1, 2)*m-compact, then X is (1, 2)*-compact (resp. (1, 2)*-semicompact, 


(1, 2)*-precompact, (1, 2)*-a-compact, (1, 2)*-semi-precompact). 


Lemma 7.2 (Popa and Non [40]). Let f : (X, my) > (X my) be an M-continuous function 
Then the following properties hold: 
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(1) Ifa subset K of X is m-compact, then RK) is m-compact. 


(2) If f is surjective and (X, my) is m-compact, then (Y, my) is m-compact. 


Theorem 7.2 Let f : (X, Ty, 15) > (E o Oy) be a function, m(1,, ൬) (resp. mio, ൭) be 
a minimal structure determined by T, and T, (resp. o, and 65) and f be M(1, 2)-continuous. 
Then the following properties hold: 


(1) [fa subset K of X is m(t,, v;)-compact, then AK) is mio, 6)-compact. 
(2) Iff is surjective and (X, ^, ൬) is M(t, 7,)-compact, then (Y, o, ൭) is m(o,, Ok 
compact. 


Proof. The proof follows from Definition 7.4 and Lemma 7.2. 


Corollary 7.3 Let f : (X, Ty, t) > (Y, 0), 0,) be (1, 2)*-continuous (resp. (1, 2)*-semi- 
continuous, (1, 2)*-precontinuous, (1, 2)*-a-continuous, (1, 2)*-semi-precontinuous) function. 
(1) Ifa subset K of X is (1, 2)*-compact (resp. (1, 2)*-semicompact, (1, 2)*-precompact, 
(1, 2)*-a-compact, (1, 2)*-semi-precompact), then f(K) is (1, 2)*-compact in Y. 
(2) If f is surjective and (X, തം ൬) is (1, 2)*-compact (resp. (1, 2)*-semicompact, 
(1, 2)*-precompact, (1, 2)*-a-compact, (1, 2)*-semi-precompact), then (Y, oy, o5) is (1, 2)*- 


compact in Y. 


Corollary 7.4 Let f : (X, Ti, t) > (Y, o 05) be a (1, 2)*-semi-irresolute (resp. (1, 2)*- 
preirresolute, (1, 2)*-a-irresolute, (1, 2)*-semi-preirresolute) function. 

(1) Ifa subset K of X is (1, 2)*-semicompact (resp. (1, 2)*-precompact, (1, 2)*-a-compact, 
(1, 2)*-semi-precompact), then f(K) is (1, 2)*-semicompact (resp. (1, 2)*-precompact, (1, 2)*- 
Q-compact, (1, 2)*-semi-precompact) in Y. 

(2) If f is surjective and (X, ന, ൬) is (1, 2)*-semicompact (resp. (1, 2)*-precompact, 
(1, 2)*-a-compact, (1, 2)*-semi-precompact), then (Y, o, 04) is (1, 2)*-semicompact (resp. 


(1, 2)*-precompact, (1, 2)*-a-compact, (1, 2)*-semi-precompact). 


Definition 7.5 An m-space (X, my) is said to be m-connected [40] if X can not be written 


as the union of two nonempty disjoint m-open sets of X. 
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Definition 7.6 Let (X, T,, ൬) be a bitopological space and m(t}, ൬) be a minimal structure 
on X determined by t, and t,. Then (X, Ty, ൬) is said to be m(t,, t,)-connected if (X, 


m(t,, T)) is m-connected. 


Remark 7.3 Let (X, t,, ൬) be a bitopological space, m(t,, T3) an m-structure on X determined 
by ©, and t and m(t,, tj) = 1,,0(X) (resp. 0, 2)*SOQ0, (1, 2)*POQO, 0. 2)*a(), 
(1, 2)*SPO(X)). If (X, Ty, T3) is. m(t,, T,)-connected, then X is (1, 2)*-connected (resp. (1, 


2)*-semi-connected, (1, 2)*-preconnected, (1, 2)*-a-connected, (1, 2)*-semi-preconnected). 


Lemma 7.3 (Popa and Noiri (40]). Let (X, my) be m-connected, where my has property B, 


and f : (X, my) > (X my) is an M-continuous surjection, then (Y, my) is m-connected. 


Theorem 7.3 Let f : (X, Ti, T) > (Y, 6), ചേ be a function and m(1,, ൬) (resp. mio, 6,)) 
be a minimal structure determined.by t, and ൬ (resp. ൭ and o»). If f is an M(1, 2)-continuous 
surjection and (X, t, ൬) is m(t,, T,)-connected, then (Y, o, Oy) is mio, 0;)-connected. 


Proof. The proof follows from Definition 7.6 and Lemma 7.3 since m(t,, ൬) has 
property B. 


Corollary 7.5 Jf f : (X, Ty, Ta) > (Y, 0), Gy) is a (1, 2)*-continuous (resp. (1, 2)*-semi- 
continuous, (1, 2)*-precontinuous, (1, 2)*-a-continuous, (1, 2)*-semi-precontinuous) surjection 
and (X, Ti, ൬) is (1, 2)*-connected (resp. (1, 2)*-semi-connected, (1, 2)*-preconnected, 


(1, 2)*-a-connected, (1, 2)*-semi-preconnected), then (Y, o, oe) is (1, 2)*-connected in Y. 
Proof. The proof follows from Theorem 7.3. 


Corollary 7.6 ff: (X, Ty, %) > (Y, 9, o) is a (1, 2)*-semi-irresolute (resp. (1, 2)*- 
preirresolute, (1, 2)*-a-irresolute, (1, 2)*-semi-preirresolute) surjection and (X, Ti, t.) is 
(1, 2)*-semi-connected (resp. (1, 2)*-preconnected, (1, 2)*-o-connected, (1, 2)*-semi- 
preconnected), then (Y, o, 0) is (1, 2)*-semi-connected (resp. (1, 2)*-preconnected, (1, 2)*- 


a-connected, (1, 2)*-semi-preconnected). 


Definition 7.7 A function f : (X, my) — (X, my) is said to have a strongly m-closed graph 
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(resp. m-closed graph) [40] if for each (x, y) e (X x Y) — G(J), there exist U € my containing 
x and V € my containing y such that [U x mCI(V)] ^ G(f) = 0. (resp. [Ux V] Gi) = 0). 
Definition 7.8 Let f : (X, T,, v) > (Y, ൬, 9,) be a function and m(t,, ൬) (resp. mio, ൭) 
be a minimal structure determined by 1, and c, (resp. ©, and o). Then the function f : (X, 
fr ൬) > (Y, Gr ൭) is said to have a strongly m(t}, T,)-closed graph (resp. m(t,, T,)-closed 
graph) if f : (X, m(t,, ൬) > (E m(o,, ©,)) has a strongly m-closed graph (resp. m-closed 
graph). 
Lemma 7.4 (Popa and Noiri [40]). Let f : (X, my) > (XY, my) be a function. 

(1) if f is M-continuous and (Y, my) is m-T,, then G(f) is strongly m-closed, 

(2) if f is a surjection with a strongly m-closed graph, then (Y, my) is m-T, 

(3) if my has property 8 and f is an M-continuous injection with an m-closed graph, 


then (X, my) is m-T,. 


Theorem 7.4 Let f : (X, Ty, 15) (7, og ൭) be a function and m(t,, ൬) (resp. mio, GI 
be a minimal structure determined by T, and T, (resp. o, and ൭). Then the following properties 
hold: 

(1) iff is M-continuous and (Y, o, 05) is mal, then G(f) is strongly m(t}, t,)-closed, 

(2) if f is a surjection with a strongly m(t,, T,)-closed graph, then (Y, oj, 65) is 
miyT, 

(3) if f is an ML, 2)-continuous injection with an m(t,, %,)-closed graph, then 
(X To Gol is my 5-15. 
Remark 7.4 (1) As in cases of Theorems 7.1, 7.2 and 7.3, we obtain two corollaries to Theorem 


7.4. 


(2) Other results for M(1, 2)-continuous functions in bitopological spaces follow from 
Theorems 4.3, 4.4 and 4.5 of [40]. 
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